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Abstract
LetMm be the formal scheme which represents the functor of deformations of a one-dimensional formal
module over F¯p equipped with a level-m-structure. By work of Boyer (in equal characteristic) and Harris
and Taylor, the -adic étale cohomology of the generic fibre Mm ofMm realizes simultaneously the local
Langlands and Jacquet–Langlands correspondences. The proofs given so far use Drinfeld modular varieties
or Shimura varieties to derive this local result. In this paper we show without the use of global moduli spaces
that the Jacquet–Langlands correspondence is realized by the Euler–Poincaré characteristic of the cohomol-
ogy. Under a certain finiteness assumption on the cohomology groups, it is shown that the correspondence
is realized in only one degree. One main ingredient of the proof consists in analyzing the boundary of
the deformation spaces and in studying larger spaces which can be considered as compactifications of the
spaces Mm.
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1. Introduction
Let F be a local non-Archimedean field and denote by o its ring of integers. In [22] V.G. Drin-
feld introduced the notion of a formal o-module which generalizes the concept of a formal group.
A formal o-module is a smooth formal group over an o-algebra R which is equipped with an
action of o such that the induced o-module structure on the tangent space comes from the mor-
phism o → R. In this paper we consider the deformations of a fixed formal o-module X over
the algebraic closure F of the residue field of o, which has the property that multiplication by a
uniformizer  of o on X is an isogeny of degree qn where q is the number of elements of the
residue field of o. Extending work of Lubin and Tate who considered the case o = Zp , Drinfeld
had shown that the functor of deformations is representable by an affine formal scheme. More-
over, he introduced the important concept of a level structure for finite height one-dimensional
formal modules and showed that the functor which associates to some oˆnr -algebra R the set of
pairs (X,φ) of deformations X of X to R, together with a level-m-structure φ, is representable
by an affine formal scheme Mm.1 To such a formal scheme one can attach its generic fibre Mm,
which is an analytic space over Fˆ nr (the completion of the maximal unramified extension of F ).
These spaces can be considered as rigid analytic spaces, or as non-Archimedean analytic spaces
in the sense of Berkovich, or as adic spaces in the sense of Huber. We are interested in the -adic
étale cohomology groups of the spaces Mm, where  is a prime number different from the residue
characteristic of F .
Historical overview. We will give a brief historical overview of the development of the study of
these spaces and their cohomology. Their significance, in the context of Shimura curves, was first
1 In the main part of the paper this space is denoted byM(0)m , andMm denotes there a union of spacesM(j)m , j ∈ Z.
The same remark applies to the spaces Mm.
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structed a representation of GL2(F )×B× ×WF in terms of vanishing cycles at singular points in
the special fibre at primes of bad reduction of these curves. Here B is the quaternion division al-
gebra over F , and WF is the Weil group. This representation, which he calls représentation locale
fondamentale, is constructed purely locally and its existence rests solely on the representability
of the deformation spaces with level structures, and can hence be carried out in the equal char-
acteristic case too. The importance of this representation is that it realizes simultaneously the
Jacquet–Langlands and the Langlands correspondence. It is, very roughly speaking, of the form
⊕
π ⊗ ρ ⊗ σ
where π is a representation of GL2(F ), ρ a representation of B× and σ a representation of WF ,
and a tensor product π ⊗ ρ ⊗ σ occurs if and only if π and ρ correspond under the Jacquet–
Langlands correspondence and π and σ are related by the Langlands correspondence (cf. [15]
for a precise statement). Later, in the seminal article Non-abelian Lubin–Tate theory, cf. [16],
Carayol generalized the construction of this representation to GLn and explained how to find this
representation in the cohomology of Shimura varieties. He exhibited in fact another local rep-
resentation whose construction rests on the existence of certain non-trivial coverings of p-adic
symmetric spaces, which is another discovery of Drinfeld, [23]. Following Carayol we call this
latter setting the rigid setting, and the former, relying on deformation spaces of formal modules,
the vanishing cycle setting. In each case he conjectured that the construction realizes simultane-
ously the Jacquet–Langlands and Langlands correspondence,2 and he outlined a program how
to prove these conjectures using the cohomology of Shimura varieties. The first to take up these
conjectures was G. Faltings, who proved in [25], in the context of the rigid setting, that the Euler–
Poincaré characteristic of the cohomology of the coverings realizes the Jacquet–Langlands corre-
spondence. His work is important because it does not use global arguments. On the other hand his
method does not prove much about the representation of the Weil group (except, e.g., its dimen-
sion). But it explains nicely the occurrence of the Jacquet–Langlands correspondence as being the
consequence of a Lefschetz trace formula for rigid analytic spaces. In [32] M. Harris considered
the rigid setting too, but used the theory of p-adic uniformization of Shimura varieties which was
shortly before generalized by Rapoport and Zink, cf. [54]. In this context and as consequences of
that paper he was able to prove the existence of the local Langlands conjecture for n < p, cf. [33].
Around that time the equal-characteristic case began to be studied and it was already mentioned
by Carayol that the modular varieties of Drinfeld and Stuhler furnish the global context in which
to place the local construction. Then P. Boyer proved Carayol’s conjecture in the vanishing cycle
setting for local fields of equal characteristic, cf. [9], thereby reproving the local Langlands corre-
spondence which had been shown earlier, without Carayol’s construction but with the use of the
Drinfeld–Stuhler varieties, by Laumon, Rapoport and Stuhler. Somewhat later Th. Hausberger
showed that such modular varieties possess at certain places rigid-analytic uniformization, and
could subsequently prove Carayol’s conjecture in the rigid setting in positive characteristic [35].
Finally, M. Harris and R. Taylor accomplished Carayol’s program in the vanishing cycle setting
in characteristic zero and proved for the first time the local Langlands correspondence for a local
2 Carayol attributes these conjectures partly to P. Deligne and V.G. Drinfeld. Furthermore, I was told by Y. Varshavsky
that Drinfeld gave the construction of the representation and stated the conjectures in an unpublished manuscript. For the
rigid setting Drinfeld made already a less precise conjecture in [23].
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this field we would like to mention T. Yoshida’s local study of the cohomology of the tame-level
space M1, cf. [61], and Laurent Fargues’ thesis [28], where he considers the cohomology of
other Rapoport–Zink spaces (the spaces Mm as well as Drinfeld’s coverings of p-adic symmetric
domains are examples of such spaces, cf. [54]). Most recently S. Wewers analyzed the ‘stable
reduction’ of the deformation spaces Mm in the height-2-case, gives a precise description of the
action of the Weil group and proves Carayol’s conjecture in this case (cf. [59,60]).
The present approach. In this paper we will study the spaces Mm and their cohomology
groups by local means.3 To formulate our main results, we introduce, more generally, for-
mal schemes M(j)m , which represent deformation functors with level-m-structures and a quasi-
isogeny of height j on the special fibre. Their corresponding generic fibres are denoted by M(j)m .
For a fixed prime  = char(F) we put
Hic,m =
⊕
j∈Z
Hic
(
M
(j)
m ×Fˆ nr F¯∧,Q
)
,
and
Hic := lim−→
m
Hic,m.
This space carries a natural action of GLn(F )×B× where the group B×, the group of units of a
division algebra B over F of degree n2 and invariant 1
n
, is the group of quasi-isogenies of X.
Main result I. Let π be an irreducible supercuspidal representation of GLn(F ), supposed to be
realized over Q. Then, for each i, the representation HomG(Hic ,π) of B× is finite-dimensional
and smooth, and in the Grothendieck group of admissible representations of B× one has∑
i
(−1)i+n−1 HomG
(
Hic ,π
)= n ·JL(π),
where JL(π) is the representation of B× associated to π by the Jacquet–Langlands correspon-
dence.
Following Faltings’ approach, we already considered in [58] the Euler–Poincaré charac-
teristic and showed that a suitable Lefschetz trace formula for the group action of elements
(g, b) ∈ GLn(F )×B× on the -adic cohomology of the spaces Mm would show that the Jacquet–
Langlands correspondence is realized by that representation. However, at that time we could only
prove that such a formula holds in the case n = 2, using a trace formula proved by R. Huber,
cf. [44] (who’s work also rests on Faltings’ paper [25]). Whereas it is clear that it suffices to
consider pairs (g, b) with b being regular elliptic, our work was for a long time blocked by the
fact that, even for regular elliptic b, the pair (g, b) may have fixed points ‘at the boundary’ of
the spaces Mm. To make this precise we found out that one can in fact speak of the boundary
of these spaces, and it is a consequence of the ‘quasi-compactifications’ we construct, that for
3 For technical reasons we need to use schemes in two instances, algebraizing the formal schemes under consideration.
The usage of algebraizations can possibly be replaced by results on adic spaces which we expect to hold but have not yet
been proven.
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is indeed provable. Due to a remark Laurent Fargues made to me, it is actually possible to show
that one can restrict oneself to pairs (g, b) with g and b being regular elliptic. Fargues studied
the deformation spaces too, cf. [27], where he introduced generalized canonical subgroups for
o-modules of any height. Thereby he is able to define a stratification in a neighborhood of what
we call the ‘boundary,’ and he found out independently that regular elliptic g act without fixed
points in a neighborhood of the boundary.
Summary of content. We are going to give a brief description of the content of the paper. In the
second section we recall the definitions of the deformation functors, following [22], and define
the group actions. We show that the formal schemesMm, which represent the deformation func-
tors with level structures, are algebraizable. This uses only Artin’s theorem on the algebraization
of formal moduli and no Shimura or Drinfeld–Stuhler varieties. Then we introduce the generic
fibres of the formal schemesMm, namely the spaces Mm. Because of later considerations, when
we study the boundary of these spaces, we consider Mm as an adic space. The first essential in-
gredient of our proof is the fixed point formula which gives a group-theoretical expression for the
number of fixed points on a space Mm. This result is taken from [58] and uses in a crucial way
the period map of Hopkins and Gross, which was generalized by Rapoport and Zink for other
moduli spaces of p-divisible groups. For the sake of completeness we include it here again. In
section three we introduce the main tool of the whole paper, namely the spaces Mm which we call
‘quasi-compactifications,’ for lack of a better term. We refrain from calling them compactifica-
tions, because they are no longer spaces over the non-Archimedean field Fˆ nr . A compactification
in the usual sense should be a space which is proper over Fˆ nr and contains Mm as a dense open
subspace. However, the boundary ∂Mm = Mm −Mm of the spaces Mm is no longer defined over
Fˆ nr , it is a space where  = 0 on the structure sheaf. We therefore call it the characteristic-
 -boundary. But Mm as well as ∂Mm are quasi-compact analytic adic spaces, which have a
natural interpretation in terms of formal models. Namely, Mm can be identified with Fujiwara’s
Zariski–Riemann space associated to Mm. This is the projective limit of all admissible blow-
ups of Mm. The special fibre of each such blow-up is a projective scheme over F, and Mm is
therefore, as a topological space, a projective limit of schemes which are proper over F. On Mm
there is still the universal level structure φ :−mon/on → Xuniv[m] (Xuniv is the universal de-
formation of X), and we can consider the subsets ∂AMm of Mm where the kernel of this level
structure is equal to some direct summand A ⊂ −mon/on which is free over o/m. These
sets define a nice stratification of Mm by adic subspaces, and this stratification is respected by
the group action. Then it is easy to see that regular elliptic g will permute the boundary strata,
mapping none of them to itself, for m sufficiently large (provided g maps Mm to itself, which
we assume here, for simplicity). This in turn has the consequence that there are suitable formal
models such that the fixed point locus of g on the special fibre is contained in the ‘interior,’ i.e.
in the complement of the image of the boundary under the specialization map. Then we can use
Fujiwara’s techniques and his result on the specialization of local terms in the trace formula,
cf. [30], to conclude that the trace of (g, b) on the cohomology of Mm4 is equal to the number
of rigid-analytic fixed points. In the forth section we use this result, together with a dévissage
to the regular elliptic locus, to prove that the Jacquet–Langlands correspondence is realized on
4 In this introduction, when we speak of the cohomology of Mm we rather mean the Euler–Poincaré characteristic of
the cohomology of Mm × ˆnr F¯∧ .F
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concerned. The last step consists then in proving that there are no supercuspidal representations
except in the middle degree. To this end we consider another kind of compactification, which is
this time a space which lives over Fˆ nr . One can describe it as follows. Let Mm be an algebraiza-
tion of Mm, i.e. a scheme of finite type over oˆnr such that its completion at a closed point xm is
isomorphic to Mm. Then one associates an analytic adic space Madm over F¯∧ to it and considers
the preimage Mm ⊂ Madm of xm under the specialization map. This is a pseudo-adic space which
is proper over F¯∧, and it contains Mm ×Fˆ nr F¯∧ as an open subset (which can be shown to be
dense in it). We call
∂Mm = Mm −Mm ×Fˆ nr F¯∧
the  -adic boundary. There is a canonical map from Mm to Mm and we can pull back the pre-
viously defined strata and get a stratification of Mm by subspaces ∂A Mm. Combining theorems
of Berkovich and Huber, it follows that the cohomology of Mm is canonically isomorphic to the
cohomology of Mm. Because the cohomology of Mm vanishes in degree  n, in the long exact
sequence relating the cohomology with compact support of Mm to the cohomology of Mm and
the cohomology of the  -adic boundary ∂Mm, we find surjections
Hi
(
∂Mm,Q
)
Hic
(
Mm ×Fˆ nr F¯∧,Q
)
,
if i  n. From the stratification of ∂Mm we deduce that its cohomology is a successive exten-
sion of parabolically induced representations, provided that the cohomology groups of the strata
∂A Mm are finite-dimensional. This is our
Main result II. Suppose the cohomology groups of all strata ∂A Mm are finite-dimensional.
Then, for a supercuspidal representation π of GLn(F ) and i = n−1 one has HomG(Hic ,π) = 0,
and
HomG
(
Hn−1c ,π
) JL(π)⊕n.
Although we strongly belief that the hypothesis on the cohomology of the boundary strata
should always be fulfilled, we can unfortunately not prove it yet. Hence we will work under the
assumption of finiteness of the cohomology (cf. hypothesis (H) in 4.2.7). At the end of Section 4.2
we will make some remarks that should make it plausible why this assumption should be true.
Then one can conclude that there are no supercuspidal representations in the cohomology except
in degree n− 1. In the appendix we prove in a rather elementary way that the deformation rings
are algebraizable in the equal-characteristic case. It is based on the fact that in this case the
multiplication of  on the universal deformation can be described by a polynomial. Lastly, we
show that two endomorphisms of an affinoid rigid space have the same number of fixed points, if
one of them has only finitely many simple fixed points and if the endomorphisms are sufficiently
close to another.
At some instances it would have been possible to shorten the exposition a little. This would
have been the effect of a systematic use of correspondences throughout the paper. As general
group elements g will not map a space Mm to itself, we were led to consider ‘intermediate’
spaces MK , for compact subgroups K ⊂ GLn(F ). If one works with correspondences, that would
have been superfluous. Another point to improve on would be the use of proper algebraizations
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at a closed point. Then we could have applied immediately Fujiwara’s results on the topological
trace formula, instead of proving the existence of suitable formal models explicitly. However,
where it seemed possible for us to do so, we preferred a more direct method.
Notation
In this paper, F will be a non-Archimedean local field, with ring of integers o, and  will
be a uniformizer of F . The number of elements of the residue field will be denoted by q , and
the residue field itself by Fq . The valuation v on F will be normalized by v() = 1. This is
the only valuation which we write additively; all valuations which appear in the context of adic
spaces will be written multiplicatively. We denote by F an algebraic closure of Fq . Fˆ nr is the
completion of the maximal unramified extension of F , oˆnr its ring of integers, and F¯∧ ⊃ Fˆ nr
is the completion of an algebraic closure of F whose ring of integers we denote by oF¯∧ . If X
is a scheme over oˆnr we often write X ×oˆnr oF¯∧ instead of X ×Spec(oˆnr ) Spec(oF¯∧), and we use
similar abuse of notation in other instances of base change. If R is a local ring we denote by mR
its maximal ideal. G always stands for the group GLn(F ) (the number n will be fixed throughout
the paper), K0 is its maximal compact subgroup GLn(o), and Km = 1 + mMn(o) is the mth
principal congruence subgroup. B will denote a central division algebra over F with invariant 1
n
,
and N :B → F the reduced norm.  denotes a prime number not dividing q .
2. Deformation spaces with level structures
2.1. Deformation functors
2.1.1. Let X be a one-dimensional formal group over F that is equipped with an action of o, i.e.
we assume given a homomorphism o → EndF(X) such that the action of o on the tangent space
is given by the reduction map o → Fq ⊂ F. Such an object is called a formal o-module over F.
Moreover, we assume that X is of F -height n, which means that the kernel of multiplication by
 is a finite group scheme of rank qn over F.
It is known that for each n ∈ Z>0 there exists a formal o-module of F -height n over F, and
that it is unique up to isomorphism [22, Prop. 1.6, 1.7].
Let C be the category of complete local Noetherian oˆnr -algebras with residue field F. A de-
formation of X over an object R of C is a pair (X, ι), consisting of a formal o-module X over
R which is equipped with an isomorphism ι :X → XF of formal o-modules over F, where XF
denotes the reduction of X modulo the maximal ideal mR of R. Sometimes we will omit ι from
the notation.
Following Drinfeld [22, sec. 4B], we define a structure of level m or level-m-structure on a
deformation X over R ∈ C (m 0) as an o-module homomorphism
φ :
(
−mo/o
)n → mR,
such that, after having fixed a coordinate T on the formal group X, the power series [ ]X(T ) ∈
RT , which describes the multiplication by  on X, is divisible by∏
a∈(−1o/o)n
(
T − φ(a)).
Here, mR is given the structure of an o-module via X.
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K0 = GLn(o). Define the following set-valued functor M(0)Km on the category C. For an object R
of C put
M(0)Km(R) =
{
(X, ι,φ)
∣∣ (X, ι) is a def. over R, φ is a level-m-structure on X}/ ,
where (X, ι,φ)  (X′, ι′, φ′) if and only if there is an isomorphism (X, ι) → (X′, ι′) of formal
o-modules over R, which is compatible with the level structures. For 0  m′  m one gets by
restricting a level-m-structure
φ :
(
−mo/o
)n → mR
to (−m′o/o)n ⊂ (−mo/o)n a level-m′-structure
φ′ = φ|
(−m′o/o)n :
(
−m′o/o
)n → mR,
and hence a natural transformation
M(0)Km →M
(0)
Km′ .
Theorem 2.1.2. (i) The functorM(0)Km is representable by a regular local ring Rm of dimension n.
Hence there is a universal formal o-module Xuniv over R0 which defines on the maximal ideal
mRm of Rm the structure of an o-module. There is a universal level-m-structure
φunivm :
(
−mo/o
)n → mRm
such that, if a1, . . . , an is a basis of (−mo/o)n over o/(m), then
φunivm (a1), . . . , φ
univ
m (an)
is a regular system of parameters for Rm.
(ii) Let 0  m′  m. The ring homomorphism Rm′ → Rm which corresponds to the natural
transformation M(0)Km →M
(0)
Km′ described above makes Rm a finite and flat Rm′ -algebra. More-
over, Rm[ 1 ] is étale and Galois over Rm′ [ 1 ] with Galois group isomorphic to Km′/Km.(iii) R0 is (non-canonically) isomorphic to oˆnru1, . . . , un−1.
Proof. (i) This result is [22, Prop. 4.3].
(ii) That Rm is finite and flat over Rm′ is again [22, Prop. 4.3]. For the second assertion it
suffices to treat the case m′ = 0 (by [31, Ch. 1, §1, Prop. 1.7. (3)]).
We show first that the universal level-m-structure is injective. Suppose φunivm (a) = 0 for some
non-zero a ∈ (−mo/o)n. Then there is also a non-zero a′ in the subgroup(
−1o/o
)n ⊂ (−mo/o)n
which is mapped to zero by φunivm . But the restriction of φunivm to the subgroup (−1o/o)n is equal
to the composition of φuniv1 with the map R1 → Rm. If a′ ∈ (−1o/o)n is non-zero, a′ is part of
a basis, and hence φuniv(a′) is part of a regular system of parameters, in particular φuniv(a′) = 0.1 1
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for any α ∈ o by [α]Xuniv(T ) the power series with coefficients in R0 which describes the multi-
plication of α on Xuniv. For a given m 0 write
[
m
]
Xuniv(T ) = Pm(T )em(T ),
with a polynomial Pm(T ) ∈ R0[T ] and a unit em(T ) ∈ R0T , by the Weierstrass Preparation
Theorem. Because X was assumed to be of F -height n, Pm(T ) is a polynomial of degree qnm
whose zeros in Rm are exactly the elements φunivm (a), a ∈ (−mo/o)n. Therefore, as the universal
level-m-structure is injective, Pm(T ) is separable over Frac(R0). Moreover, for any prime ideal
q ∈ R0 the zeros of the image of Pm(T ) in Frac(R0/q)[T ] are the images of the elements φunivm (a)
in Frac(R0/q). We will show that the image of Pm(T ) in Frac(R0/q)[T ] is separable if q does
not contain  . This means that for any such prime ideal q and any zero ξ = φunivm (a) one has
P ′m(ξ) /∈ q, which is equivalent to [m]′Xuniv(ξ) /∈ q. Let us calculate this derivative. For a given
r ∈ Z>0 we can write
Xuniv
(
ξ,r
)= ξ +rτ(ξ, r)
with τ(ξ, r) ∈ 1+mRm , and the limit τ(ξ) = limr→∞ τ(ξ, r) exists in Rm and is again an element
of 1 +mRm . Then we compute:
[
m
]′
Xuniv(ξ) = limr→∞
1
r
[
m
]
Xuniv
(
ξ +r)
= lim
r→∞
1
rτ(ξ, r)
[
m
]
Xuniv
(
ξ +rτ(ξ, r))
= lim
r→∞
1
rτ(ξ, r)
[
m
]
Xuniv
(
Xuniv
(
ξ,r
))
= lim
r→∞
1
rτ(ξ, r)
Xuniv
([
m
]
(ξ),
[
m
](
r
))
= lim
r→∞
1
rτ(ξ, r)
[
m
](
r
)= lim
r→∞
1
τ(ξ, r)
m = 1
τ(ξ)
m.
It follows that the image of Pm(T ) in Frac(R0/q)[T ] is separable if q does not contain  . We
are going to use this to show that Rm[ 1 ] is unramified over R0[ 1 ].
Let us recall from the proof of [22, Prop. 4.3], how the ring Rm can be build up explicitly.
Suppose first that m = 1, and put L0 = R0. Then, for 0 i < n, there is a map
ϕi :
(
−1o/o
)i → mLi
such that, in LiT , [ ]Xuniv(T ) is divisible by
∏
−1 i
(
T − ϕi(a)
)
.a∈( o/o)
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fi(T ) = [ ]Xuniv(T )∏
a∈(−1o/o)i (T − ϕi(a))
, and Li+1 = Liθ/
(
fi(θ)
)
.
Then we have Ln = R1. The power series fi all divide the power series [ ]Xuniv(T ), and because
the polynomial P1(T ) from above is separable over R0[ 1 ] the successive extensions Li |Li−1
are étale after inverting  (cf. [52, Ch. I, Ex. 3.4]). Hence R1[ 1 ] is étale over R0[ 1 ].
For m> 1 Drinfeld describes Rm as follows: let φunivm−1 be the universal level-(m−1)-structure,
and let a1, . . . , an a basis of (−(m−1)o/o)n over o/(m−1). Then
Rm = Rm−1y1, . . . , yn/
([ ]Xuniv(y1)− φunivm−1(a1), . . . , [ ]Xuniv(yn)− φunivm−1(an)).
Write for j = 1, . . . , n
[ ]Xuniv(T )− φunivm−1(aj ) = Pm,j (T )em,j (T )
with a polynomial Pm,j (T ) ∈ Rm−1[T ] and a unit em,j (T ) ∈ Rm−1T . We will show that Pm,j
has only simple zeros outside the vanishing locus of  . If Pm,j (ξ) = 0 then [m]Xuniv(ξ) = 0,
and if furthermore P ′m,j (ξ) = 0 then [ ]′Xuniv(ξ) = 0. As
[
m
]′
Xuniv(T ) =
([
m−1
]
Xuniv
([ ]Xuniv(T )))′ = [m−1]′Xuniv([ ]Xuniv(T )) · [ ]′Xuniv(T ),
[ ]′
Xuniv
(ξ) = 0 would imply [m]′
Xuniv
(ξ)= 0, and so any multiple zero of Pm,j (T ) would be a
multiple zero of [m]Xuniv(T ), which do not exist outside the vanishing locus of  . This means
that Rm[ 1 ] is étale over R0[ 1 ] for any m.
From the description of Rm just recalled it follows that the degree of Rm over R0 is equal
to the cardinality of GLn(o/(m)). On the covering Rm[ 1 ] over R0[ 1 ] there is an obvious
action of GLn(o/(m)). To prove that the covering is Galois with this group we only have to
show that no non-trivial elements acts trivially. Suppose g ∈ GLn(o/(m)) would act trivially
on Rm[ 1 ]. Then it would follow that φunivm (g(ai)) = φunivm (ai) for i = 1, . . . , n. But the universal
level-m-structure is injective, hence g = 1.
(iii) This is [22, Prop. 4.2]. 
Remark. One can also show the statement about étaleness by showing that the finite flat group
scheme of m-torsion points is unramified over the base outside the vanishing locus of  . This
is the case because the o-action on the module of relative differentials Ω , which is induced by
the structure of an formal o-module, coincides with the usual action via the inclusion o ↪→ R0.
As, on the one hand, m acts trivial on Xuniv[m], it acts as 0 on Ω , but, on the other hand, 
is invertible outside the vanishing locus of  , hence the module Ω has to be zero.
The fact that oˆnru1, . . . , un−1 represents M(0)K0 is due to Lubin and Tate (for F = Qp),
cf. [50]. For this reason M(0)K0 , the deformation space without level structures, is sometimes
called the Lubin–Tate moduli space, cf. [18,38].
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2.2.1. Let X be a formal o-module over R ∈ C such that XF has F -height n, in which case we
say that the formal o-module X has height n. As pointed out above, XF is then isomorphic to X.
Denote Endo(X) by oB ; this o-algebra is the maximal compact subring of B := oB ⊗o F , which
is a central division algebra over F with invariant 1
n
, cf. [22, Prop. 1.7].
Any non-zero element of Homo(X,XF)⊗o F is called an o-quasi-isogeny from X to XF. For
such an element ι we define its F-height by
F -height(ι) = F -height(rι)− nr,
where we choose some r ∈ Z such that rι lies in Homo(X,XF), and for an element ι′ of this
latter set, its F -height is h if ker(ι′) is a group scheme of rank qh over F.
Define for j ∈ Z a set-valued functor M(j)Km on C as follows: for R ∈ C the set M
(j)
Km
(R)
consists of equivalence classes of triples (X, ι,φ), where X is a formal o-module of height n
over R, ι is an o-quasi-isogeny from X to XF of F -height j , and φ is a level-m-structure on X.
Now put
MKm =
∐
j∈Z
M(j)Km.
By the uniqueness of X (up to isomorphism), we have M(j)Km M
(0)
Km
, but there is no distin-
guished isomorphism.
2.2.2. There is an action of B× from the right on the functors MKm given by
[X, ι,φ].b = [X, ι ◦ b,φ],
where we denote by [X, ι,φ] the equivalence class of (X, ι,φ), and where b ∈ B×. If [X, ι,φ] be-
longs toM(j)Km(R), then [X, ι,φ].b is an element of M
(j+v(N(b)))
Km
(R), where N :B → F denotes
the reduced norm.
Next we will describe the ‘action’ of the group G = GLn(F ) on the tower (MKm)m. Let
g ∈ G and suppose first that g−1 ∈ Mn(o). For integers mm′  0 such that
gon ⊂ −(m−m′)on
(this inclusion is meant to be inside Fn) we will define a natural transformation
gm,m′ :MKm →MKm′ .
Let [X, ι,φ] ∈ MKm(R), R ∈ C. The following construction gives an element [X′, ι′, φ′] of
MKm′ (R) that is the image under the corresponding map
(gm,m′)R :MKm(R) →MKm′ (R)
on R-valued points and it will be denoted by [X, ι,φ].g.
The conditions imposed on g show that gon contains on and that gon/on can naturally be
regarded as a subgroup of −mon/on, so we may define a formal o-module X′ over R by taking
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X′ = X/φ(gon/on).
Moreover, left multiplication with g induces an injective homomorphism
−m′on/on g−→ −mon/gon = (−mon/on)/(gon/on)
and the composition with the morphism induced by φ,
(
−mon/on
)
/
(
gon/on
)→ X/φ(gon/on)= X′,
gives by [22, Prop. 4.4], a level-m′-structure
φ′ :−m′on/on →X′[m′].
Finally define ι′ to be the composition of ι with the projection
XF → (X′)F.
This construction is independent of the representative (X, ι,φ) and gives a morphism of functors.
If [X, ι,φ] lies in M(j)Km(R) then [X, ι,φ].g is an element of M
(j−v(detg))
Km′ (R).
For an arbitrary element g ∈ G, choose r ∈ Z such that (−rg)−1 ∈ Mn(o). Then, for m 
m′  0 with
−rgon ⊂ −(m−m′)on
and [X, ι,φ] ∈MKm(R), define [X′, ι′, φ′] = [X, ι,φ].(−rg) as above and put
[X, ι,φ].g = [X′, ι′ ◦−r , φ′].
This construction gives a natural transformation
gm,m′ :MKm →MKm′ ,
which depends neither on  nor on the integer r (among all r’s with on ⊂ −rgon ⊂
−(m−m′)on). In particular, one gets for each m an action from the right of K0 = GLn(o) on
MKm which commutes with the action of B×. If gi ∈ G, i = 1,2, satisfy
on ⊂ −r1g1on ⊂ −(m0−m1)on, on ⊂ −r2g2on ⊂ −(m1−m2)on
for integers r1, r2 and 0m2 m1 m0 then one has clearly
on ⊂ −(r1+r2)g1g2on ⊂ −(m0−m2)on.
Therefore, we have morphisms
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(g2)m1,m2 :MKm1 →MKm2 ,
(g1g2)m0,m2 :MKm0 →MKm2 ,
and it is easy to check that the composition of the two former morphisms is identical to the latter
one:
(g2)m1,m2 ◦ (g1)m0,m1 = (g1g2)m0,m2 . (2.2.3)
Note that we defined the morphisms gmi,mj so as to obtain a right action.
2.2.4. We need to consider also quotients of the formal schemes MKm . For an open subgroup
K ⊂ K0 we choose m 0 so that Km ⊂ K . Then let M(j)Km = Spf(R
(j)
m ) and put
R
(j)
K =
(
R
(j)
m
)K
, M(j)K = Spf
(
R
(j)
K
)
, MK =
∐
j∈Z
M(j)K ,
where (R(j)m )K denotes the subring of K-invariant elements in R(j)m .
Proposition 2.2.5. Fix j ∈ Z and 0m′ m such that Km ⊂ K ⊂ Km′ . Whenever 0m1 m2
we identify R(j)m1 with a subring of R(j)m2 (cf. Theorem 2.1.2).
(i) (R(j)
m′′ )
K = (R(j)m )K for all m′′ with Km′′ ⊂ K , and hence R(j)K is well-defined. In particular,
if K = Km′ then R(j)K = R(j)m′ .
(ii) R(j)K is a local Noetherian ring, which is finite over R(j)m′ . It is complete with respect to the
topology defined by the maximal ideal.
(iii) R(j)K is the integral closure of R(j)m′ in the field Frac(R(j)K ). It is thus integrally closed.
The set of prime ideals of R(j)K is in bijection with the orbits of K/Km on the set of prime ideals
of R(j)m :
Spec
(
R
(j)
m
)
/K
−→ Spec(R(j)K ).
(iv) R(j)K [ 1 ] is étale over R(j)m′ [ 1 ], and it is Galois with Galois group Km′/K if K is normal
in Km′ . R
(j)
m [ 1 ] is étale and Galois over R(j)K [ 1 ] with Galois group K/Km.
Proof. (i) Suppose mm′′. Then Km ⊂ Km′′ ⊂ K and
(
R
(j)
m
)K = ((R(j)m )Km′′ )(K/Km′′ ) = (R(j)m′′ )K.
(ii) Denote by m the maximal ideal of R(j)m . The set of K-invariant elements mK in m is a
proper ideal of R(j)K . If now f ∈ R(j)K is not in mK , it is invertible in R(j)m , gf = 1, say, with
g ∈ R(j)m . Then, for any k ∈ K we have g − k(g) = gf (g − k(g)) = g(fg − k(fg)) = 0, hence
g ∈ R(j), and it follows that R(j) is local. R(j) is submodule of the finite R(j)′ -module R(j)m , andK K K m
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(j)
m′ is Noetherian, R
(j)
K is finite over R
(j)
m′ too. This implies that R
(j)
K is a Noetherian ring. The
completeness of R(j)K with respect to the topology defined by the maximal ideal follows from the
fact that the automorphisms k ∈ K act continuously on R(j)m .
(iii) An element of Frac(R(j)K ) = Frac(R(j)m )K which is integral over R(j)m′ belongs to R(j)m
because the latter ring is integrally closed (as it is regular, hence factorial). So it is an element of
R
(j)
m ∩ Frac(R(j)m )K = R(j)K . The assertion about the orbits of K on Spec(R(j)m ) is a general fact,
cf. [11, Ch. V, §2.1, Thm. 1, §2.2, Thm. 2].
(iv) R(j)m [ 1 ] is the integral closure of R(j)m′ [ 1 ] in Frac(R(j)m′ ), and by Theorem 2.1.2 it is flat
and unramified over R(j)
m′ [ 1 ]. Further, R(j)K [ 1 ] is the integral closure of R(j)m′ [ 1 ] in Frac(R(j)m′ ).
By [11, Ch. V, Ex. 19(c) to §2], R(j)K [ 1 ] is unramified over R(j)m′ [ 1 ] and R(j)m [ 1 ] is unramified
over R
(j)
K [ 1 ]. By [31, Ch. 1, §1, Lemma 1.5], R(j)K [ 1 ] is étale over R(j)m′ [ 1 ], and by [31, Ch. 1,
§1, Prop. 1.7], R(j)m [ 1 ] is étale over R(j)K [ 1 ]. 
We equip R(j)K with the adic topology defined by the maximal ideal.
2.2.6. Consider g ∈ G and suppose that K ′ = g−1Kg is contained in K0. Choose 0  m′  m
and r ∈ Z such that
• on ⊂ −rgon ⊂ −(m−m′)on,
• Km ⊂ K , Km′ ⊂ g−1Kg.
Put d = v(det(g)). Then we have for any k ∈ K and j ∈ Z a commutative diagram (by 2.2.3)
M(j)Km
gm,m′
k
M(j−d)Km′
g−1kg
M(j)Km
gm,m′ M(j−d)Km′ .
This shows that the ring homomorphism
g

m,m′ :R
(j−d)
m′ → R(j)m
maps the g−1Kg-invariants in R(j−d)
m′ to the K-invariants in R
(j)
m , and defines hence a morphism
g

K :R
(j−d)
g−1Kg → R
(j)
K ,
which in turn induces a morphism of formal schemes
gKV :MK →Mg−1Kg.
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We will show that the formal schemesM(j)K are completions of schemes of finite type over oˆnr
at a closed point. This implies that the cohomology groups of the rigid-analytic spaces attached to
M(j)K are finite-dimensional. Moreover, we will need to know that the action of endomorphisms
of these formal schemes can be approximated. Later we will need such an algebraicity statement
when we are going to apply a result of K. Fujiwara on the specialization of local terms.
Theorem 2.3.1. Fix an open subgroup K ⊂ K0 and an integer j ∈ Z.
There is an affine scheme of finite type M(j)K over oˆnr and a closed point xK on M(j)K such that
the following assertions hold:
(i) there is an isomorphism of formal schemes over oˆnr
̂
M
(j)
K,xK
−→M(j)K
between the completion ̂M(j)K,x of M(j)K at xK and M(j)K ;
(ii) the scheme M(j)K carries an action of K0, and the subgroup K acts trivially on M(j)K ;
(iii) the point xK is a fixed point of the action of K0, and the isomorphism between ̂M(j)K,xK and
M(j)K is K0-equivariant.
Proof. We may assume without loss of generality that j = 0, and we identify R(0)0 with a power
series ring in the variables u1, . . . , un−1 over oˆnr . For the proof we drop the superscripts.
(a) We show first that the group scheme Xuniv[m] is defined over some subring R ⊂ R0
which is of finite type over oˆnr , and whose completion at a maximal ideal is isomorphic to R0.
To do this we will reason along the same lines as explained after Thm. 1.7 of [2]. In [26] Falt-
ings introduces what one may call ‘truncated Barsotti–Tate o-modules’ (of level m). This is the
analogue of the notion of a truncated Barsotti–Tate group (in the sense of [45,51]) in the context
of group schemes with strict o-action. Such an object is in particular of finite presentation over
the base scheme. Put A = oˆnr [u1, . . . , un−1], S = Spec(A), and consider the functor BT om/S on
the category of S-schemes which associates to T/S the set of isomorphism classes of truncated
Barsotti–Tate o-modules of level m over T . It is a functor which is locally of finite presentation
over S. We let Â denote the completion of A with respect to the ideal m = (,u1, . . . , un−1),
i.e. Â = R0, and put Ŝ = Spec(Â). We have Xuniv[m] ∈ BT om(Ŝ). By Artin’s approximation
theorem, [1, Cor. 2.2], there is an étale neighborhood (which we may assume to be affine)
S′ = Spec(A′)
Spec(A/m) S
of the maximal ideal m and an element Xm ∈ BT om(S′) such that Xm and Xuniv[m] have the
same images in Â/m2Aˆ = A′/m2A′. Now we use the fact that the pair (Â,Xuniv[m]) is an
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o = Zp this statement is Cor. 4.8(ii) in [45]. For arbitrary o the versality of X[m] follows from
the results of Faltings, cf. [26, p. 276], with the same arguments as in [45]. We conclude as
explained after Thm. 1.7 of [2]: there is an oˆnr -linear automorphism of Â such that Xm ×S′ Ŝ is
isomorphic to the pull back of Xuniv[m] via this isomorphism. We put R = A′ and M = S′.
This is the algebraization we are looking for. We denote the point corresponding to the maximal
ideal m ⊂ R by x.
(b) We define the notion of a Drinfeld level structure for truncated Barsotti–Tate o-modules as
in [34, sec. II.2]. By [34, Lemma II.2.1 (6.)], there exists a scheme Mm which classifies level-m-
structures on Xm ×M T over schemes T over M. As Mm is finite over M, it is affine, and we put
Rm = OMm(Mm). Mm carries a natural action of GLn(o/m) (action on the level structure).
As there is only one level-m-structure on X[m], there is only one point xm of Mm over x.
Passing to the completion at xm, we get that M̂m,xm classifies level-m-structures on Xuniv[m],
hence is isomorphic to Mm. Finally, if K ⊂ K0 is an open subgroup containing Km, we put
RK = (Rm)K and MK = Spec(RK). The assertions (i)–(iii) are now clear. 
Remark. This proof is due to L. Fargues, cf. [27, sec. 9.2.1, Prop. 5], who proved an even
stronger statement which gives a better control on the action of GLn(o/m) on the ‘boundary’
(in the sense of loc. cit., Prop. 5).
Whereas the action of GLn(o/m) on M(j)K extends, by our construction, to the algebraiza-
tions M(j)K , this is not the case for the action of elements in o
×
B . For our purposes, it is enough to
know that any given endomorphism γ of one of our formal schemes M(j)K can be approximated
by a suitable correspondence. More precisely, we can find an étale neighborhood M˜(j)K of the
point xK (cf. Proposition 2.3.1) in M(j)K and a morphism from M˜(j)K to M(j)K such that such that
the induced endomorphism on the completions, both being isomorphic toM(j)K , approximate the
given endomorphism γ up to prescribed order.
Theorem 2.3.2. Suppose γ :M(j)K →M(j)K is a morphism of formal schemes over oˆnr . Then, for
any c ∈ Z0 there is an étale neighborhood M˜(j)K of the point xK ∈ M(j)K
Spec(κ(x˜K))
id
M˜
(j)
K
Spec(κ(xK)) M(j)K
and a morphism of schemes over oˆnr
γc :M˜
(j)
K → M(j)K
such that γc(x˜K) = xK , and γc induces a morphism
γˆc :M(j) →M(j)K K
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γ , γˆc
 :R
(j)
K →R(j)K
are the corresponding ring homomorphisms, then, for all f ∈ R(j)K
γ (f )≡ γˆc(f )
(
mcK
)
.
Proof. This is [1, Cor. 2.5]. 
2.4. Associated analytic spaces
The next step is to introduce the analytic spaces whose -adic étale cohomology groups
we are going to study. There are different possible methods how to construct such spaces:
as rigid-analytic spaces, as non-Archimedean analytic spaces as defined and studied by
V.G. Berkovich [4], as Zariski–Riemann spaces [10,29] or finally as adic spaces in the sense
of R. Huber [40]. For each of these kinds of spaces there has been defined an étale cohomology
theory [5,30,42,46] and there are comparison theorems assuring that the resulting cohomology
groups for the spaces considered by us are the same [42, sec. 8.3]. In Section 3 we make use of
the theory of adic or Zariski–Riemann spaces. Therefore, we define the spaces we are going to
work with directly as adic spaces. Nevertheless, we will now give brief references concerning
the other constructions.
There is a construction of P. Berthelot, generalizing Raynaud’s construction for  -adic for-
mal schemes, which associates to any formal scheme which is locally formally of finite type
over a discrete valuation ring V a rigid analytic space [8, 0.2.6], [54, sec. 5.5] over the field
of fractions. Secondly, Berkovich has defined for so-called special formal schemes over V
(these possess affine coverings of the form Spf(R) where R is a quotient of some algebra
V 〈x1, . . . , xm〉y1, . . . , yn) an associated non-Archimedean analytic space [7, sec. 1]. Finally, R.
Huber associates to a locally Noetherian formal scheme X an adic space t (X ) (cf. [41, sec. 4],
and, more generally, [42, sec. 1.9]). If X = Spf(R) is affine, the set of points of the underlying
topological space of t (X ) = Spa(R,R) consists of all equivalence classes of continuous valua-
tions | · |v on R such that |f |v  1 for all f ∈ R. (We recall that all valuations occurring in the
context of adic spaces will be written multiplicatively.) If R = R(j)K , the set of valuations | · |v
with | |v = 0 is a closed subset which we denote by V (). The open complement inherits the
structure of an adic space and we put
M
(j)
K = t
(M(j)K )− V (), and MK =∐
j∈Z
M
(j)
K .
If K ⊂ K ′ are open subgroups of K0 there is a morphism of adic spaces
MK → MK ′,
induced from the corresponding morphism of formal schemes MK →MK ′ (cf. 2.2.5). This
morphism is always étale, and it is Galois with Galois group K ′/K if K is normal in K ′,
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space M(j)K0 is isomorphic to an open polydisc of dimension n− 1; in particular:
M
(j)
K0
(
F¯∧
) {(z1, . . . , zn−1) ∈ (F¯∧)n−1 ∣∣ for all i: |zi | < 1}.
Moreover, we get induced group actions on the analytic spaces. For any g ∈ G and an open
subgroup K ⊂ K0 such that g−1Kg ⊂ K0 there is a morphism of analytic spaces
g :MK → Mg−1Kg,
and these morphisms, for varying g and K , are compatible with each other whenever composition
is defined. All the spaces MK also come with an induced action of B× which commutes with the
morphisms induced by elements of G.
2.5. -adic cohomology and statement of the main result
We are going to introduce the cohomology groups. We use the étale cohomology theory as de-
veloped by Huber [42], respectively Berkovich [5]. Because of the comparison theorems in [42,
sec. 8.3], we can and will use results of Berkovich for the étale cohomology of non-Archimedean
analytic spaces. From now on, we fix a prime number  which is different from the residue char-
acteristic of F . So far, the cohomology theories and the results concern mostly the cohomology
of torsion sheaves, and a general theory of -adic cohomology has not been developed yet. But
for the spaces considered by us we can show the following
Lemma 2.5.1. For any open subgroup K ⊂ K0 and any j ∈ Z, the Q-vector spaces
Hi
(
M
(j)
K ×Fˆ nr F¯∧,Q
) := ( lim←−
r
H i
(
M
(j)
K ×Fˆ nr F¯∧,Z/rZ
))⊗Z Q
and
Hic
(
M
(j)
K ×Fˆ nr F¯∧,Q
) := ( lim←−
r
H ic
(
M
(j)
K ×Fˆ nr F¯∧,Z/rZ
))⊗Z Q
are finite-dimensional and the induced action of o×B on these spaces is smooth. The coho-
mology groups Hi(M(j)K ⊗Fˆ nr F¯∧,Q) vanish for i > n − 1, and the cohomology groups
Hic (M
(j)
K ⊗Fˆ nr F¯∧,Q) vanish for i < n− 1 and i > 2(n− 1).
Proof. (Cf. [34, Lemma I.5.1].) By [7, Prop. 2.4], the cohomology group Hic (M(j)K ⊗Fˆ nr
F¯∧,Z/rZ) is isomorphic to the stalk of RiΘFs (Z/rZ) at the single point in the special fi-
bre of M(j)K , where F s denotes the separable closure of Fˆ nr and ΘFs is Berkovich’s vanishing
cycle functor, cf. [7, sec. 2]. By 2.3.1, the formal scheme M(j)K is algebraizable. By Berkovich’s
comparison theorem, [7, Thm. 3.1], the stalk of RiΘFs (Z/rZ) at the closed point is canonically
isomorphic to the stalk of the corresponding vanishing cycle sheaf for the scheme M(j)K at the
closed point xK , cf. 2.3.1. By Nagata’s theorem on compactifications, together with Thm. 3.2
in [20] and Prop. 5.3.1 in Exp. V in [57], the sheaf of vanishing cycles RiΦ(Q) on the special
M. Strauch / Advances in Mathematics 217 (2008) 889–951 907fibre of M(j)K is constructible, and hence its stalk at xK is finite-dimensional. Similarly, for the
cohomology groups with compact support, we use [7, Cor. 2.5 and Thm. 3.1], and the finiteness
theorem (Thm. 3.2) of [20].
The spaces M(j)K are quasi-affine in the sense of [7, Def. 5.5], and hence the statement about
the vanishing of cohomology in degree > n − 1 (respectively in degree < n − 1) follows from
[7, Thm. 6.1, Cor. 6.2]. The smoothness of the action of o×B follows from [7, Cor. 4.5]. 
Next we put
Hic (MK) = Hic
(
MK ×Fˆ nr F¯∧,Q
)=⊕
j∈Z
Hic
(
M
(j)
K ×Fˆ nr F¯∧,Q
)⊗Q Q.
On each Q-vector space Hic (MK) there is an induced action of K0 × B× and for each g ∈ G
there is an isomorphism
Hic
(
Mg−1Kg
)→ Hic (MK),
as soon as g−1Kg ⊂ K0. These give rise to a representation of G×B× on
Hic := lim−→
K
Hic (MK),
where the limit is taken over all compact-open subgroups K of G contained in K0.
Remark. The inertia group Gal(F sep/Fnr) acts also on Hic (MK), and this action can be ex-
tended to an action of the Weil group WF , cf. [9, Prop. 2.3.2], [54, sec. 3.48]. Then one gets a
smooth/continuous action of G×B× ×WF on Hic . In this paper however we pay only attention
to the representations of G and B×.
The main result of this paper is the following theorem. Its content is implied by Boyer’s
Theorem, [9, Thm. 3.2.4], in the equal characteristic case, and it follows from the work of Harris
and Taylor [34] in the mixed characteristic case. Whereas in these works Shimura or Drinfeld–
Stuhler varieties play a decisive role, the proof given here does not use modular varieties. The
second assertion of the following theorem is Theorem 4.1.3. For the last assertion, which follows
immediately from Theorem 4.3.2(iv), we have to assume that certain cohomology groups are
finite-dimensional, cf. hypothesis (H) in 4.2.7.
Theorem 2.5.2. Let π be an irreducible supercuspidal representation of G, supposed to be real-
ized over Q.
(i) For each i the representation HomG(Hic ,π) of B× is finite-dimensional and smooth.
(ii) In the Grothendieck group of admissible representations of B× one has
∑
i
(−1)i+n−1 HomG
(
Hic ,π
)= n ·JL(π),
where JL(π) is the representation of B× associated to π by the Jacquet–Langlands cor-
respondence.
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and
HomG
(
Hn−1c ,π
) JL(π)⊕n.
(JL(π)⊕n is the direct sum of n copies of JL(π).)
Proof of (i). The element  of the center of G acts as a scalar on π , and this scalar we can write
as cn for some c ∈ Q. Put ζ(g) = c−v(det(g)). Then:
HomG
(
Hic ,π
)= HomG(Hic ⊗ ζ,π ⊗ ζ )
= HomG
((
Hic ⊗ ζ
)
/
〈
v − c−n ·.v ∣∣ v ∈ Hic 〉,π ⊗ ζ ),
where .v denotes the action of  , considered as an element of G, on v, considered as an
element of Hic .
Next, (H ic ⊗ ζ )/〈v− c−n ·.v | v ∈ Hic 〉 is isomorphic, as a representation of G×B×, to the
natural representation of G×B× on
(
lim−→
K
Hic
(
MK/
Z
))⊗ ξ,
where
Hic
(
MK/
Z
)= Hic ((MK/Z)×Fˆ nr F¯∧,Q)
and the limit is taken over all compact-open subgroups K ⊂ K0 of G, and ξ is the character of
B× given by ξ(b) = c−v(N(b)). The map is defined as follows: an element v ∈ Hic (M(j)K ,Q) is
mapped to cnk−k.v ∈ Hic (M(j0)K ,Q), where j = j0 + nk with 0 j0 < n. It is not difficult to
check that this map gives a G×B×-equivariant isomorphism
(
Hic ⊗ ζ
)
/
〈
v − c−n ·.v ∣∣ v ∈ Hic 〉 −→ ( lim−→
K
Hic
(
MK/
Z
))⊗ ξ.
Hence we get the following identity of representations of B×:
HomG
(
Hic ,π
)= HomG(Hic (M∞/Z),π ⊗ ζ )⊗ ξ−1,
where
Hic
(
M∞/Z
) := lim−→
K
Hic
((
MK/
Z
)×
Fˆ nr
F¯∧,Q
)
.
The representation Hic (M∞/Z) is admissible if we regard it as a representation of G, because
if K ⊂ K0 is an open subgroup, its subspace of K-invariant vectors is just Hic (MK/Z), which
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have:
Hic
(
M∞/Z
)
cusp =
⊕
i∈I
πi ⊗ ρi,
where I is some countable set (because G/Z has compact center), the representations πi are
supercuspidal and pairwise non-isomorphic, and ρi is a finite-dimensional smooth representation
of B×, because πi has finite multiplicity in Hic (M∞/Z). This proves the first assertion. 
2.6. The period morphism and fixed points
2.6.1. To count fixed points we will use the period map from the moduli spaces MK to a projective
space of dimension n − 1. This map was first studied by M. Hopkins and B. Gross [38]. Later
on, M. Rapoport and Th. Zink introduced these morphisms for moduli spaces for p-divisible
groups [54], thereby giving a unified account of p-adic period maps that have been studied
before. The set-up of Gross and Hopkins is insofar closer to our situation as they work with
formal o-modules (hence treat the mixed and equal characteristic case simultaneously), herein
following Drinfeld. On the other hand, Gross and Hopkins only work with one component of the
moduli space MK0 , namely the component M(0)K0 = Spf(R
(0)
0 ) where the quasi-isogeny on the
special fibre has height zero. After recalling the main results of [38] in the next section, we will
explain how to define the period map on the whole space MK0 .
2.6.2. Let Xuniv be the universal formal o-module over the formal schemeM(0)K0 , and denote by E
the universal extension of Xuniv with additive kernel. This is a formal o-module of dimension n
which sits in an exact sequence
0 → V → E →Xuniv → 0,
where V = Ga ⊗ HomR(0)0 (Ext(X ,Ga),R
(0)
0 ). This exact sequence furnishes an exact sequence
0 → Lie(V)→ Lie(E) → Lie(Xuniv)→ 0,
of vector bundles on the formal scheme M(0)K0 , and an analogous sequence
0 → Lie(V)ad → Lie(E)ad → Lie(Xuniv)ad → 0,
on the generic fibre of this formal scheme, i.e. on the space M(0)K0 .
Proposition 2.6.3. (See [38, Prop. 22.4, 23.2, 23.4].) (i) There is a basis c0, . . . , cn−1 of Lie(E)ad
such that the Fˆ nr -subspace generated by these global sections is stable by the action of o×B . More
precisely, the canonical map of vector bundles on M(0)K0
〈c0, . . . , cn−1〉Fˆ nr ⊗OM(0) → Lie(E)adK0
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×
B acts diagonally on the left-hand side. The represen-
tation of o×B on 〈c0, . . . , cn−1〉Fˆ nr is equivalent to the representation of o×B on B ⊗Fn Fˆ nr given
by left multiplication (where Fn/F is the unramified extension of degree n in Fˆ nr ).
(ii) Let wi be the image of ci in Lie(Xuniv)ad, i = 0, . . . , n − 1, and denote by W the space
generated by these global sections over Fˆ nr . Then the sections wi have no common zeroes, and
they are linearly independent over Fˆ nr .
(iii) Denote by P(W) the projective space of hyperplanes in W , and by P(W)ad the associated
analytic adic space. Define
π
(0)
K0
:M
(0)
K0
→ P(W)ad
by sending x ∈ M(0)K0 to the hyperplane{
w = α0w0 + · · · + αn−1wn−1 ∈ W ⊗ Fˆ nr (x)
∣∣ α0w0(x)+ · · · + αn−1wn−1(x) = 0}.
This map is an étale morphism. It is o×B -equivariant and surjective on F¯∧-valued points.
2.6.4. Choose an element B ∈ oB whose reduced norm is a uniformizer of F . The action of B×
on MK0 furnishes for each j ∈ Z an isomorphism

j
B :M(0)K0 →M
(j)
K0
.
Define π(j)K0 :M
(j)
K0
→ P(W) by π(j)K0 = 
j
B ◦π(0)K0 ◦
−j
B . Because of the o
×
B -equivariance of π
(0)
K0
,
this map is does not depend on the choice of B . Finally we get the period map on the whole
space MK0 by putting
πK0 =
∐
j∈Z
π
(j)
K0
:MK0 =
∐
j∈Z
M
(j)
K0
→ P(W)ad.
More generally, for any open subgroup K ⊂ K0 we let πK be the composition of the projection
MK → MK0 with πK0 , and refer to πK as a period morphism. The proposition above gives
immediately the following assertion about the morphisms πK .
Proposition 2.6.5. For any open subgroup K ⊂ K0
πK :MK → P(W)ad
is an étale morphism of analytic adic spaces over Fˆ nr . Moreover, πK is equivariant with respect
to the action of NG(K)×B×, where the normalizer NG(K) of K in G acts trivially on P(W)ad
and the action of B× on P(W)ad is the one that is induced by the action of B× on W .
2.6.6. Now we are in a position to count fixed points. Let b ∈ B× be an element which is regular
elliptic. Hence b has n distinct simple fixed points on P(W)ad × F¯∧. Let K be a compact-open
subgroup of G that is contained in K0, and let g be an element of the normalizer of K in G. By
Proposition 2.6.5, the action of the pair (g, b−1) on MK ⊗ F¯∧ stabilizes the fibre of πK over a
fixed point of b−1 on P(W)ad × F¯∧. Hence we need a description of the fibres of πK together
with the action of (g, b−1). The next proposition gives such a description.
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to x. Then, the fibre of πK0 through x consists of all deformations which are quasi-isogenous
to X. More precisely, it consists of those pairs [X′, ι′] such that there exists a quasi-isogeny
f :X′ →X with the property that fF ◦ ι′ = ι, where fF is the reduction of f .
(ii) The fibre of πK0 through x can be identified with the set of lattices in the rational Tate
module V (X)= T (X)⊗o F , where
T (X) = lim←−X
[
m
](
F¯∧
)
.
By fixing an isomorphism φ :Fn → V (X), this set gets identified with G/K0. More generally,
let K ⊂ K0 be an open subgroup, and let [X, ι,φ] be a point of MK(F¯∧). Then, the fibre of πK
through this point can be identified with the coset G/K .
(iii) Consider an F¯∧-valued fixed point of b on P(W)ad, and choose a base point of the set
of F¯∧-valued points of the fibre of πK over this point. Using this fixed point, identify this set
with G/K , as in (ii). Then there exists gb ∈ G with the same characteristic polynomial as b such
that the action of (g, b−1) on the (set of F¯∧-valued points of the) fibre is given, in terms of this
identification, by
hK → gbhgK.
Proof. The first assertion follows from Prop. 23.28 of [38]. The relationship between lattices
in the rational Tate module and quasi-isogenies in the mixed characteristic case can be found in
Lubin’s paper [49, Theorem 2.2]. The same holds true also in the equal characteristic case, cf.
[62, sec. 3]. The second assertion of (ii) follows immediately.
Now we are going to prove part (iii). Fix an F¯∧-valued point of MK , given by a triple [X, ι,φ].
We can consider φ as an isomorphism on → T (X) which is determined up to multiplication
(from the right) by elements from K . Suppose this point is mapped by πK onto a fixed point
of b. Then it follows from [38, Prop. 23.28], that b lifts to an endomorphism b˜ :X → X of the
formal o-module X such that b˜F ◦ ι = ι ◦ b, where b˜F is the quasi-isogeny induced on the special
fibre. b˜ is mapped to b under the canonical map Endo(X)⊗ F ↪→ Endo(X)⊗ F . Therefore the
characteristic polynomial of b˜ is the same as that of b. Let gb ∈ G be such that the following
diagram is commutative:
Fn
φ
gb
V (X)
V (b˜)
F n
φ
V (X).
Let [X′, ι′, φ′] be an element in the fibre of πK . Hence there is a quasi-isogeny f :X′ → X and
an element h ∈ G such that the following diagram commutes:
Fn
φ′
h
V (X′)
V (f )
F n
φ
V (X).
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[X′, ι′ ◦ b−1, φ′]. The map b˜ ◦ f :X′ → X is then a quasi-isogeny, if we equip X′ with the map
ι′ ◦ b−1 :X → (X′)F. Moreover, we see that the following diagram commutes:
Fn
φ′
gbh
V (X′)
V (b˜)V (f )
F n
φ
V (X).
The action of b−1 on the fibre of πK is thus given by sending hK to gbhK . It is straightforward
to check that the action of some g ∈ NG(K) on this fibre is given by sending hK to hgK . This
proves the third assertion. 
Theorem 2.6.8. Let gb be in the conjugacy class corresponding to b. Then the number of (in-
tersection theoretic) fixed points of the pair (g, b−1) on the space (MK/Z) ×Fˆ nr F¯∧ is equal
to
n · #{h ∈ G/ZK ∣∣ h−1gbh = g−1},
and each fixed point is simple. The identity h−1 = gbhg−1 means that for some (and hence any)
representative h˙ of h ∈ G/ZK the cosets h˙−1gbh˙ZK and g−1ZK are equal. By the fact
pointed out in 4.1.1, the number of such h ∈ G/ZK is always finite.
Proof. Let b ∈ B× be regular elliptic and consider the fibre of the induced map
(
MK/
Z
)(
F¯∧
)→ P(W)(F¯∧)
over a fixed point of b−1. By the preceding proposition, we may identify this set with G/ZK
and the action of (g, b−1), g in the normalizer of K in G, is given by
hZK → gbhgZK,
where gb ∈ G has the same characteristic polynomial as b. Hence the number of fixed points on
such a fibre is
#
{
h ∈ G/ZK ∣∣ h−1gbh = g−1}.
Because there are n simple fixed points of b on P(W) and the morphism πK is étale, all fixed
points are simple and the total number of fixed points is
n · #{h ∈ G/ZK ∣∣ h−1gbh= g−1}. 
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3.1. Quasi-compactifications
3.1.1. For any open subgroup K ⊂ K0 and integer j ∈ Z we consider the adic spaces
M
(j)
K = t
(M(j)K )a = Spa(R(j)K ,R(j)K )− V (mR(j)K ),
where V (m
R
(j)
K
) is the one-point-set consisting of the single valuation of R(j)K which factorizes
over the residue field. This valuation is also the single non-analytic point of Spa(R(j)K ,R
(j)
K ). We
put
MK =
∐
j∈Z
M
(j)
K .
The group action extends to these spaces. Namely, if g ∈ G is such that g−1Kg ⊂ K0, then the
induced map MK →Mg−1Kg induces a morphism of adic spaces
MK →Mg−1Kg.
We will show below that these spaces contain the previously defined spaces M(j)K and MK as
open subspaces, and we denote by
∂M
(j)
K = M(j)K −M(j)K , ∂MK = MK −MK
their complements. These complements have natural stratifications. In order to introduce them,
we denote for a given integer h, 0 h n− 1, and m> 0, by Sm,h the set of direct summands
A ⊂ (−mo/o)n which are free over o/(m) of rank h. If K ⊂ K0 is an open subgroup, fix
m ∈ Z>0 such that K contains Km. Then K acts (from the left) on Sm,h, and we put
SK,h = K\Sm,h, SK =
∐
0hn−1
SK,h.
The so defined sets do not depend on m. Note that even for K = K0 we have chosen m > 0 so
that SK0 is the disjoint union of n one-element-sets. Consider the universal level-m-structure
φunivm :
(
−mo/o
)n →Xuniv[m],
where we consider the universal deformation Xuniv as a formal o-module over MK0 , which is
possible, because the universal deformation is already an object over the schemes Spec(R(j)K0 )
(cf. Proposition 2.1.2). By base change we consider it as an object over any of the spaces MK ,
K ⊃ Km. For any point x ∈ MKm , we can consider the formal o-module
Xuniv ⊗ κ(x)
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i.e. the ind-group scheme(
Xuniv ⊗ κ(x))[∞]= lim−→
r
(
Xuniv ⊗ κ(x))[r].
The étale part of this ind-group scheme has F -rank n − h for some h between 0 and n − 1.
(The point which corresponds to the maximal ideal is not in our spaces, and this is the only
point where the universal deformation is connected.) It follows that the kernel of the induced
level-m-structure
φunivm :
(
−mo/o
)n → (Xuniv ⊗ κ(x))[m]
is a free submodule Ax ⊂ (−mo/o)n of rank h. More generally, if x ∈ MK , there is always a
point x′ ∈ MKm lying over x (cf. [24, 13.2]), and if x′, x′′ both lie over x, then there is a k ∈ K
such that x′k = x′′ (cf. [24, 14.1]). As the group action is via the level structure, it is easily seen
that for the kernels of the induced level structures at x′ and x′′ one has:
Ax′′ = k−1Ax′ .
Hence we define the kernel of the universal level structure at x to be the class of Ax′ in SK,h for
any x′ ∈ MKm lying over x. Then, for a given element A ∈ SK,h we denote by
∂AMK ⊂ MK, ∂AM(j)K ⊂ M(j)K
the set of points x of MK (respectively M(j)K ) such that the kernel of the universal level-m-
structure at x is equal to A. (Again we point out that m was chosen to be positive.) Then we have
a (set-theoretical) decomposition of MK :
MK =
∐
A∈SK
∂AMK.
The group action respects this decomposition. For g ∈ G choose r ∈ Z and mm′ ∈ Z0 such
that
on ⊂ −rgon ⊂ −(m−m′)on,
and Km′ ⊂ g−1Kg ⊂ K0. Put g1 = −rg. Then we have the following commutative diagram:
−mon/on
(m−m′)
−m′on/on
g1
−mon/g1on
(m−m′)
−m′on/on.
(3.1.2)
The composition of the arrows in the bottom line is an isomorphism which we denote by g′.
Now consider an element A ∈ SK,h, and choose a representative A1 ⊂ −mon/on. Then
(m−m′)A1 ⊂ −m′on/on is a direct summand, and (g′)−1(m−m′)A1 is an element of Sm′,h
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Therefore, we have defined in this way a well-defined map
SK,h → Sg−1Kg,h, A → g−1A.
It is easy to check that the morphism g : MK →Mg−1Kg induces maps
g : ∂AM
(j)
K → ∂g−1AM(j−v(det(g)))g−1Kg .
If K = Km, we identify elements of SK with submodules of (−mo/o)n, and hence there is a
partial ordering on this set defined by A1 ≺ A2 if and only if A1 ⊃ A2. For K ⊂ Km as above
we define analogously A1 ≺ A2 for classes A1,A2 ⊂ SK if and only if there are representa-
tives A′1,A′2 ∈ SKm such that A′1 ≺ A′2. This defines a partial ordering on SK . Note that for this
ordering the class of the zero module is the maximal element.
Proposition 3.1.3. Let K ⊂ K0 be an open subgroup.
(i) For any j ∈ Z and any A ∈ SK there is a prime ideal pA ⊂ R(j)K with the following property:
∂AM
(j)
K consists of exactly those valuations v ∈ M(j)K such that the support of v contains pA but
does not contain pA′ for any A′ ≺A, A′ = A. With the notation of adic spaces we have:
∂AMK = Spa
(
R
(j)
K /pA,R
(j)
K /pA
)
a
−
⋃
A′≺A,A′ =A
V (pA′).
If A = A′ then ∂AMK ∩ ∂A′MK = ∅.
(ii) For any element A ∈ SK the subspace ∂AMK ⊂ MK is open in its closure, and this closure
is equal to the union of all ∂A′MK with A′ ≺A.
Proof. It suffices to prove this for the case of a principal congruence subgroup K = Km, m> 0.
The general case follows by passage to the quotient.
(i) Consider the universal level-m-structure
φunivm :
(
−mo/o
)n → m
R
(j)
K
.
Let
pA =
(
φunivm (a)
)
a∈A
be the ideal generated by the images of the elements of A under φunivm . The points in ∂AMK are
clearly those whose support contains pA, but does contain pA′ for any A′ ≺ A, A′ = A. To show
that pA is a prime ideal we may assume (as the situation is homogeneous under the group action)
that A is generated by the first h standard basis vectors of (−mo/o)n. Then pA is generated by
the images of the first h standard basis vectors under the universal level-m-structure. By 2.1.2,
these form part of a system of parameters, and hence generate a prime ideal.
(ii) We show more generally that if R is a Noetherian local complete domain, and if {0}  a is
any non-zero ideal of R, then Spa(R,R)a −V (a) is an open dense subset of Spa(R,R)a . Firstly,
V (a) is the intersection of the complements of the sets {v | |f |v  |f |v = 0} which are open in
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which is contained in V (a). We may assume that U is a rational subset of the form
{
v ∈ Spa(R,R)a
∣∣ |fi |v  |s|v = 0 for i = 1, . . . , n}
with elements f1, . . . , fn ∈ R generating an open ideal. We consider the corresponding ring of
functions on U which is R〈f1
s
, . . . ,
fn
s
〉. As U was supposed to lie in V (a), the images of the
elements of a in R〈f1
s
, . . . ,
fn
s
〉 vanish. By its very definition, R〈f1
s
, . . . ,
fn
s
〉 is the completion
of R[ 1
s
] with respect to the topology having the sets mrRR[f1s , . . . , fns ], r  0, as a fundamental
system of neighborhoods of zero. Suppose U is non-empty, and let | · | be a continuous valuation
of R in U . Then s = 0 and we have |f | < 1 for all elements f ∈ n = mRR[f1s , . . . , fns ]. Hence n
is a proper ideal in R[f1
s
, . . . ,
fn
s
]. As this ring is a Noetherian domain, the intersection ⋂r nr is
the zero ideal. Therefore, the elements in a already map to zero in R[ 1
s
], which is impossible if
R is a domain and a is non-zero. 
3.2. Consequences for formal models
3.2.1. In this subsection we fix a regular elliptic element g ∈ G and an element b ∈ B×. We
assume v(det(g))+v(N(b)) = 0, so that the action of the pair (g, b−1) does not change the height
of the quasi-isogeny. This implies that (g, b−1) acts on the space M(j)K as soon as g normalizes K .
We are going to study the fixed point locus of this pair, and begin with the following
Lemma 3.2.2. (i) There is a fundamental system of neighborhoods of 1 in G consisting of com-
pact open subgroups K ⊂ K0 which are normalized by g.
(ii) There is an open subgroup K ′ ⊂ K0, depending only on g, with the property that if K is
an open subgroup of K ′ and normalized by g, then (g, b−1) maps for any A ∈ SK,h the stratum
∂AM
(j)
K to ∂g−1AM
(j)
K and the intersection of these sets is empty if h > 0. In particular, (g, b−1)
does not have any set-theoretical fixed points on ∂MK .
Proof. (i) (Cf. [37, sec. 6.1].) The ring E = F [g] ⊂ Mn(F) is a separable field extension of F
of degree n. Denote by oE its ring of integers, and by pE ⊂ oE its maximal ideal. We identify G
with EndF (E)×. For r ∈ Z>0 put
K(r) = 1 +
⋂
r ′0
Homo
(
pr
′
E,p
r+r ′
E
)
.
These subgroups form a fundamental system of neighborhoods of 1 in G, and a simple calcula-
tion shows that g normalizes K(r).
(ii) Fix h with 1 h n− 1. We can identify the set SK,h of labels of boundary components
of M(j)K with K\K0/P (o), where P(o) is the stabilizer of oh ⊂ on. The quotient K0/P (o) is the
same as G/P , where P is the stabilizer of Fh ⊂ Fn, and the action by g on SK,h, cf. diagram
3.1.2, is given on K\G/P by multiplication by g−1 from the left:
KxP → (g−1Kg)g−1xP = Kg−1xP.
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irreducible over F . It follows that the set of regular elliptic elements is open in G. Therefore, if
K is sufficiently small and normalized by g, cf. 3.2.2, the set Kg−1 will have empty intersection
with any conjugate of P . Now, if KxP would be a fixed point of the action of g, we would
have kg−1 ∈ xPx−1 for some k ∈ K , contradicting what we just stated. Hence there are no fixed
points of g on SK,h. As (g, b−1) maps ∂AM(j)K to ∂g−1AM(j)K (the action of b leaves the boundary
components unchanged, because b does not act on the level structure), and as different boundary
components have empty intersection, we have proved the second assertion. 
Let K ⊂ K0 be an open subgroup normalized by g which has the property that γ = (g, b−1)
has no fixed points on the boundary of M(j)K . We want to show that there is a formal model for
the analytic space M(j)K , i.e. an admissible blow-up (in the sense of [29, Def. 4.1.1]) of M(j)K =
Spf(R(j)K ), to which the action of γ extends and such that the fixed point locus on the special fibre
does not meet the image of the boundary under the specialization map. We recall the definition
of the specialization map in the affine case (cf. [41, Prop. 4.1]). Let X = Spf(A) be an affine
Noetherian formal scheme and v ∈ t (X ) = Spa(A,A) a continuous valuation. Then the set
spX (v)=
{
f ∈ A ∣∣ |f |v < 1}
is an open prime ideal of A, hence a point in X = Spa(A). The so defined map
spX : t (X ) = Spa(A,A) →X = Spf(A)
is continuous, and even a morphism of topologically ringed spaces [41, Prop. 4.1]. We denote its
restriction to the subspace t (X )a ⊂ t (X ) of analytic points by spX as well. In order to deduce
the existence of formal models from topological properties of the adic space, we are going to use
the theory of Fujiwara’s Zariski–Riemann spaces. The sheaf O+
t (X )a which appears below has
been defined in [41, sec. 1].
Proposition 3.2.3. If X is a Noetherian formal scheme, then the locally ringed space
(
t (X )a,O+t (X )a
)
having the open subspace t (X )a ⊂ t (X ) as underlying topological space, which is equipped with
the sheaf O+
t (X )a is canonically isomorphic, via the specialization maps, to the projective limit of
all admissible blow-ups of X :
lim←− spX ′ :
(
t (X )a,O+t (X )a
) ∼−→ lim←−X ′,
where X ′ runs through the set of admissible blow-ups of X and the projective limit on the right
carries the projective limit topology and structure of a locally ringed space (cf. [29, 4.1.3]).
Proof. If X is of topologically finite type over a discrete valuation ring, then the assertion is
known by [53]. For the general case we refer to [39, 3.9.25]. 
We come back to the assertion about formal models that we want to prove.
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K0 there exists an open subgroup K ⊂ K ′ which is normalized by g, and such the following
assertions do hold:
(i) There exists an admissible blow-up (M(j)K )′ of M(j)K to which the action of γ extends, and
such that the fixed point locus of the extended morphism
γ ′ :
(M(j)K )′ → (M(j)K )′
has no set-theoretical fixed points on the image of ∂M(j)K under the map sp(M(j)K )′ .
(ii) Denote by M(j)K the scheme of finite type over oˆnr from Theorem 2.3.1. For a given integer
c ∈ Z0 denote by M˜(j)K the étale neighborhood of the point xK and by γc the morphism
γc :M˜
(j)
K → M(j)K
from Theorem 2.3.2. Then the blow-up (M(j)K )′ of M(j)K in (i) induces a blow-up (M(j)K )′ of
M
(j)
K , and γc lifts to a blow-up (M˜(j)K )′ of M˜(j)K :
(M˜
(j)
K )
′ γ
′
c
p˜r
(M
(j)
K )
′
pr
M˜
(j)
K
γc
M
(j)
K .
Now, if J is any ideal of definition of (M(j)K )′, we can choose c sufficiently large, so that the
completion of (M˜(j)K )′ along the closed subscheme p˜r−1(x˜K) will be equal to (M(j)K )′ and
the induced morphism
γˆ ′c :
(M(j)K )′ → (M(j)K )′
is congruent to γ ′ modulo J . Moreover, if c is large enough, the correspondence γ ′c will also
have no set-theoretical fixed points on sp
(M(j)K )′
(∂M
(j)
K ).
Proof. (i) We note first that the set of admissible blow-ups to which the action of γ lifts is cofinal
in the set of all admissible blow-ups. Namely, the maximal ideal mR of R(j)K is mapped by
γ  :R
(j)
K → R(j)K
to itself, as γ  is continuous. Furthermore, the element γ generates topologically a profinite
subgroup of G × B×/(,)Z. To see this, we consider the fields Eg = F [g] ⊂ Mn(F) and
Eb = F [b] ⊂ B . The element γ lies in the subgroup H ⊂ E×g × E×b which consists of all el-
ements (α,β) with v(α) − v(β) = 0. The group H/(,)Z is compact and hence pro-finite.
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ulo mcR . Hence, if the admissible ideal I of R(j)K contains mcR , then the ideal
I ′ = I · γ (I) · · · · · (γ )N(I)
is admissible again and invariant under γ . The action of γ lifts to the blow-up of I ′, and this
blow-up dominates the blow-up of I .
Write ∂A instead of ∂AM(j)K , and let AK be the class of {0} in SK,0 (which is the unique
maximal element of SK ). We show that there is a covering (UA)A∈SK of M(j)K by constructible
subsets UA with the property that for all A ∈ SK :
∂A ⊂
⋃
A′≺A
UA
and γ (UA) ∩ UA = ∅ for any A = AK . Note first that the complement of each of the closed
subsets
∂A =
⋃
A′≺A
∂A
is closed under specialization, because the support of a point in an analytic adic space does not
change under specialization. This implies that for each of these subsets there is a descending
family
V
(1)
A ⊃ V (2)A ⊃ V (3)A ⊃ · · ·
of open quasi-compact neighborhoods of ∂A whose intersection is ∂A. Now let A = AK be a
minimal element in SK . Then ∂A is just a closed point. We have⋂
i
(
γ
(
V
(i)
A
)∩ V (i)A )= ∅,
because γ is bijective and γ (∂A) ∩ ∂A = ∅, and if the intersection of constructible sets in a
spectral space is empty, then the intersection of already finitely many of them is empty. Namely,
if we equip the spectral space with its constructible topology, then it becomes compact and the
constructible subsets become closed. Hence there is some i such that γ (V (i)A )∩ V (i)A = ∅ and we
put UA = V (i)A . We proceed by induction with respect to the partial ordering on SK and assume
that for a given A = AK we have already constructible subsets UB for all B ≺ A, B = A, such
that
∂B ⊂
⋃
B ′≺B
UB
and γ (∂B)∩ ∂B = ∅. Next we note that
⋂(
V
(i)
A −
⋃
UB
)
i B≺A,B =A
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⋂
i
(
γ
(
V
(i)
A −
⋃
B≺A,B =A
UB
)
∩
(
V
(i)
A −
⋃
B≺A,B =A
UB
))
= ∅.
By the same reasoning as above, there is some i such that
γ
(
V
(i)
A −
⋃
B≺A,B =A
UB
)
∩
(
V
(i)
A −
⋃
B≺A,B =A
UB
)
= ∅,
and we put UA = V (i)A −
⋃
B≺A,B =A UB . Thus we have proved the assertion about the covering
(UA)A.
We show next that there is a formal model (M(j)K )′ such that the images of γ (UA) and UA
under the specialization map have empty intersection for A = AK . This is a very general fact.
Put X =M(j)K and X = M(j)K . Namely, if Z ⊂ X is a constructible subset one sees easily that⋂
X ′
sp−1X ′
(
spX ′(Z)
)= Z,
where the intersection is over all models X ′. If now Z,Z′ ⊂ X are two constructible subsets
having empty intersection, one has
⋂
X ′
sp−1X ′
(
spX ′(Z)∩ spX ′(Z′)
)= ∅,
and by the same reasoning as above, there is a model X ′ such that spX ′(Z)∩ spX ′(Z′) is empty.
If now (M(j)K )′ is a model such that the images of γ (UA) and UA under the specialization map
have empty intersection (for A = AK ), then this is the case for any model dominating this one.
Hence there is a model with this property for all A = AK , and we can even find a model (M(j)K )′
having this property and such that the action of γ lifts to
γ ′ :
(M(j)K )′ → (M(j)K )′.
If now x ∈ (M(j)K )′ lies in the image of ∂M(j)K , it is equal to sp(M(j)K )′(z) for some z in some UA
with A = AK . Then
γ ′(x) = sp
(M(j)K )′
(
γ (z)
) ∈ sp
(M(j)K )′
(
γ (UA)
)
,
and hence x = γ ′(x).
(ii) Let I ⊂ R(j)K be the ideal that is blown up to give the formal scheme (M(j)K )′. Let
M
(j)
K = Spec(R(j)K ), and denote by mR the maximal ideal corresponding to xK . Then R(j)K is
the completion of R(j)K at mR. Put
IR = I ∩R(j),K
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pr :
(
M
(j)
K
)′ → M(j)K
be the blow-up of IR on M(j)K . As I is admissible, it contains a power of the maximal ideal mR
of R(j)K , and so IR contains a power of mR. It is hence invertible outside xK , and can actually
be generated by finitely many elements of R(j)K which generate I over R(j)K . It follows that
the completion of (M(j)K )
′ along the preimage pr−1(xK) is isomorphic to (M(j)K )′. Let M˜(j)K =
Spec(R˜(j)K ). Put
IR˜ = γ c (IR) · R˜(j)K .
Recall that R(j)K is also the completion of R˜
(j)
K at the unique closed point x˜K lying over xK . If we
now choose c sufficiently large so that IR˜ generates I over R(j)K , the blow-up
p˜r :
(
M˜
(j)
K
)′ → M˜(j)K
of IR˜ on M˜(j)K will be an étale neighborhood of pr−1(xK). Hence the completion of (M˜(j)K )′
along p˜r−1(x˜K) will be isomorphic to (M(j)K )′. The next assertion finally follows from a very
general fact. Namely, let ϕ1, ϕ2 be an endomorphism of a Noetherian formal scheme X , let
X ′ →X be an admissible blow-up of X , such that ϕi lifts to an endomorphism ϕ′i of X ′, i = 1,2.
Then, for any ideal J of definition of X ′, there is an ideal of definition I of X , such that, if
ϕ1 ≡ ϕ2 modulo I then ϕ′1 ≡ ϕ′2 modulo J .
Finally, if γˆ ′c approximates γ ′ sufficiently well, then the induced morphisms on the special
fibre will be the same, hence γˆ ′c has no fixed points on sp(M(j)K )′
(∂M
(j)
K ). 
Remark. We think that it would also be possible to prove the statements about the appropriate
formal models by applying [30, Prop. 2.2.5]. Fujiwara however is working in an algebraic (not
only formal) setting, and he supposes that the ambient algebraic space is proper. Although our
formal schemes are also algebraizable, we preferred to prove the assertions directly.
3.3. The trace of regular elliptic elements
The following theorem gives an expression of the trace of pairs (g, b−1) ∈ G × B×, both
regular elliptic, on the cohomology in terms of the number of fixed points.
Theorem 3.3.1. Let g ∈ G, b ∈ B× be both regular elliptic elements such that v(det(g)) +
v(N(b)) = 0. Then there is an open subgroup K ′ ⊂ K0 such that the following holds: if K ⊂ K ′
is an open subgroup normalized by g, then the alternating sum of traces of the endomorphism
induced by (g, b−1) on the cohomology
tr
((
g,b−1
)∣∣H ∗c (M(j)K ))=∑(−1)i tr((g,b−1)∣∣Hic (M(j)K ×Fˆ nr F¯∧,Q))
i
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is finite.
Proof. Put γ = (g, b−1). We choose the following objects such that the assertions of Proposi-
tion 3.2.4 are fulfilled: subgroups K ⊂ K ′ ⊂ K0, the blow-ups
(M(j)K )′ pr−→M(j)K , (M(j)K )′ pr−→ M(j)K , (M˜(j)K )′ pr−→ M˜(j)K ,
the endomorphism
γ ′ :
(M(j)K )′ → (M(j)K )′,
and the morphism of schemes
γ ′c :
(
M˜
(j)
K
)′ → (M(j)K )′
which approximates γ ′. Put
M′ := (M(j)K )′ ×oˆnr oF¯∧ ,
and
M′η :=
(
M
(j)
K
)′ ×oˆnr F¯∧.
Let (M′)an be the non-Archimedean analytic space associated by Berkovich to the formal scheme
M̂′, M̂′ being the completion of M′ along its special fibre [7, sec. 1]. Let (M′)ad be the analytic
adic space associated by Huber to the formal scheme M̂′ [42, sec. 1.9]. It is known that (M′)an
is the maximal Hausdorff quotient of (M′)ad . Put M = M(j)K , ∂M = ∂M(j)K . Let
spad : (M′)ad → M̂′s , span : (M′)an → M̂′s , sp :M →
(M(j)K )′
be the specialization maps, and
j :M′η → M′, i :M′s → M′
the open respectively closed embeddings. Put
M = M(j) × ˆ nr F¯∧ ⊂ (M′)adK F
M. Strauch / Advances in Mathematics 217 (2008) 889–951 923and let Man be its image in (M′)an. Let Ypr−1(xK)
iY−→ M′s be the inclusion. Then we have the
following commutative diagram:
(spad)−1(∂M) (spad)−1(Y )
M (M′)ad
∂M M
sp
Man (M′)an
span
(M(j)K )′ Y M′s .
Denote by F = Z/rZ the constant torsion sheaf on the scheme M′η , on the analytic spaces
(M′)ad and (M′)an, as well as on subspaces of these. Man is the maximal Hausdorff quotient
of M , and by [42, Thm. 8.3.5], the cohomology groups of M and Man are canonically isomor-
phic. As Man satisfies Poincaré duality, we can compute the trace on the cohomology instead of
the cohomology with compact support and get the same result. By [7, Cor. 3.5], there is a natural
isomorphism
RΓ
(
Man,F) RΓ (Y, i∗Y i∗R+j∗F).
And by [7, Thm. 4.1], we can choose c large enough so that the morphism induced by γ ′c on
RΓ (Y, i∗Y i∗Rj∗F) is equal to the morphism induced by γ . As Y is proper and i∗Y i∗R+j∗F is
constructible of finite tor-dimension, we can use the Grothendieck–Verdier–Lefschetz trace for-
mula, cf. [57, Exp. III, Cor. 4.7], to compute the trace of γ ′c . This trace is equal to the sum of
local terms attached to the connected components of the fixed point locus of γ ′c . By Proposi-
tion 3.2.4, γ ′c has no fixed points on the closed subset ∂Y which is defined to be the preimage
of sp(∂M) ⊂ (M(j)K )′ under the map Y → (M(j)K )′ (Y is the special fibre of (M(j)K )′). We show
below in Lemma 3.3.3 that Y − ∂Y is open in M′s . The fixed point locus of γ ′c on Y is therefore
open in the fixed point locus of γ ′c on M′s . It follows that there is a proper subscheme D ⊂ M′
which is contained and open in the fixed point locus of the correspondence γ ′c and whose special
fibre is equal to the fixed point locus of γ ′c on Y . Fujiwara’s theorem on the specialization of local
terms, [30, Prop. 1.7.1], then tells us that
locDs
(
(γ ′c)s, i∗Y i∗Rj∗F
)= ∑
D′⊂π0(Dη)
locD′
(
(γ ′c)η,F
)
.
We will show that the connected components D′ of Dη are just points with multiplicity one,
and the number of these points is equal to the number of fixed points of γ on M , provided c is
large enough. As we are now working only on M , we can work with γc instead of γ ′c (cf. Propo-
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same. γc induces a morphism of formal schemes
γˆc :M(j)K →M(j)K
and the restriction of the correspondence γc to M is just an endomorphism, which we denote by
γc as well. Let
γˆ c :R
(j)
K → R(j)K
be the induced morphism on complete local rings, let m be the maximal ideal of R(j)K , and let
f1, . . . , fr be a system of generators of m. Because γˆ c maps m to itself, the subsets
Uν =
{
v ∈ M ∣∣ |fi |νv  | |v, i = 1, . . . , r}
of M are stable under γc and γ as soon as ν is sufficiently large. sp−1(Y −∂Y ) is a quasi-compact
open subset of M , and is hence contained in Uν , for ν  0. γc and γ do not have fixed points on
sp−1(∂Y ) ∩M . By Proposition 5.2.3, if c is large enough, γc will have only finitely many fixed
points on sp−1(Y − ∂Y ), these fixed points are all of multiplicity one, and their number is equal
to the number of fixed points of γ . The connected components D′ of Dη are hence just points of
multiplicity one. By [57, Exp. III, 4.12], each local term corresponding to a fixed point is then
equal to 1 (as an element of Z/rZ). Now we pass to the limit r → ∞. Hence we conclude that
the trace of γ , which is equal to the trace of γ ′c , is given by the number of fixed points of γ
on M . 
Corollary 3.3.2. Let g ∈ G, b ∈ B× be both regular elliptic elements. Then there is an open
subgroup K ′ ⊂ K0 such that the following holds: if K ⊂ K ′ is an open subgroup normalized by g,
then the alternating sum of traces of the endomorphism induced by (g, b−1) on the cohomology
tr
((
g,b−1
) ∣∣H ∗c (MK/Z))=∑
i
(−1)i tr((g,b−1) ∣∣Hic ((MK/Z)×Fˆ nr F¯∧,Q))
is equal to
n · #{h ∈ G/ZK ∣∣ h−1gbh= g−1}.
Proof. We identify the cohomology of (MK/Z)×Fˆ nr F¯∧ with the direct sum of the cohomol-
ogy of the M(j)K ×Fˆ nr F¯∧ for j = 0, . . . , n− 1. If v(det(g))+ v(N(b)) is not a multiple of n then
the cohomology groups
Hic
(
M
(j)
K ×Fˆ nr F¯∧,Q
)
are permuted, none of them is mapped to itself, and hence the trace on the cohomology is zero.
Similarly, for any h the cosets
h−1gbhZK and g−1ZK
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change b to b−k and assume that v(det(g)) + v(N(b)) is zero. Then the claimed identity
follows immediately from Theorem 2.6.8 and Theorem 3.3.1. 
Lemma 3.3.3. Let X be a scheme of finite type over oˆnr , let Y ⊂ Xs be a closed subscheme
and Y the completion of X along Y . Let t (Y)a be the analytic adic space associated to Y , and
V ()Y ⊂ t (Y)a the subspace of points whose support contains  . Put Y ′ = spY (V ()Y ) ⊂ Y ,
where spY : Y → Y is the specialization map. Then Y − Y ′ is open in Xs .
Proof. Denote by X = X̂ the  -adic completion of X. There is a canonical continuous map
ϕ : t (Y) → t (X ). To describe it, assume X is affine, X = Spec(R) say. Denote by R̂ the  -adic
completion of R, by a the ideal corresponding to Y , and by R the a-adic completion of R.
Then t (X ) = Spa(R̂, R̂) and t (Y) = Spa(R,R). The canonical continuous morphism R̂ →R
induces the map ϕ, which is injective. Without loss of generality we continue to assume that X
is affine. ϕ maps V ()Y ⊂ t (Y) to the corresponding subset V ()X ⊂ t (X ), hence induces an
injection
ϕan : t (Y)− V ()Y → t (X )a = t (X )− V ()X ,
which commutes with the specialization maps spY and spX to give a commutative diagram
t (Y)− V ()Y
spY
ϕan
t (X )a
spX
Y Xs .
Let f1, . . . , fr be generators of a. Then t (Y)− V ()Y is the union of the rational subsets
Un :=
{
v ∈ t (Y) ∣∣ for all i: |fi |nv  | |v = 0},
which are open rational subsets in t (X )a as well. We see in particular, that ϕan is an open embed-
ding. As t (X )a is homeomorphic to the projective limit over all admissible blow-ups, equipped
with its projective limit topology, it is enough to show that the subset sp−1X (Y − Y ′) is open in
t (X )a . Now sp−1Y (Y − Y ′) is open in t (Y) − V ()Y , so we have to show that sp−1X (Y − Y ′)
is equal to ϕan(sp−1Y (Y − Y ′)). Let v ∈ t (X )a be a point such that spX (v) ∈ Y . Suppose v does
not lie in ϕan(t (Y) − V ()Y ). Then v is a continuous valuation of R̂ such that |f |v < 1 for
all f ∈ a but v is not a-adically continuous. Let Γv be the value group of v (supposed to be
generated by the non-zero images of v), and let Γ ′v ⊂ Γv be the largest convex subgroup such
that for all f ∈ a the value |f |v is cofinal for Γ ′v (which means that for any δ ∈ Γ ′v there is an
t > 0 such that |f |tv < δ), cf. [40, Lemma 2.4]. By this lemma, there is some f ∈ a such that
|f |v ∈ Γ ′v . The valuation w = v|Γ ′v (cf. [40, sec. 2]) is then a-adically continuous and analytic
for the a-adic topology (i.e., its support does not contain a). But we have | |w = 0, as otherwise
| |v would be contained in Γ ′v , contradicting our assumption that v is not a-adically continuous.
Because spX (v) = spY (w) ∈ spY (V ()Y ) = Y ′, we find that all elements in sp−1X (Y − Y ′) lie
in the image of ϕan, and hence sp−1X (Y − Y ′) = ϕan(sp−1Y (Y − Y ′)) which is open in t (X )a . 
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4.1. The trace on the Euler–Poincaré characteristic
4.1.1. Let π be an irreducible supercuspidal representation of G. By the fundamental result of
Bushnell–Kutzko [13] and Corwin [19], we know that π is induced from a finite-dimensional
smooth irreducible representation λ of some open subgroup Kπ ⊂ G that contains and is compact
modulo the centre of G, cf. [13, Thm. 8.4.1], for a more precise statement. Hence we may write
π = c-IndGKπ(λ) = IndGKπ(λ),
where the second equality holds by [12, Thm. 1]. Here, IndGKπ(λ) is by definition the subspace of
smooth vectors in the space
{
f :G → λ ∣∣ for all k ∈ Kπ, g ∈ G: f (kg)= λ(k)f (g)}.
Moreover, the character of π is a locally constant function on the set of elliptic regular elements
in G (i.e. those whose characteristic polynomial is separable and irreducible), and for such an
element g ∈ G we have
χπ(g) =
∑
h∈G/Kπ
h−1gh∈Kπ
χλ
(
h−1gh
)
.
For regular elliptic g the number of elements h ∈ G/Kπ such that h−1gh ∈ Kπ is finite. This
formula is due to Harish-Chandra, proofs can be found in [36,56]. For the rest of this section we
fix π,Kπ , and λ with this property.
4.1.2. We recall the Jacquet–Langlands correspondence. For π as above, the representation ρ =
JL(π) of B× that corresponds to π via the Jacquet–Langlands correspondence is characterized
by the following identity. Let g ∈ G and b ∈ B× be regular elliptic elements with the same
characteristic polynomial. Then the following character relation holds
χρ(b) = (−1)n−1 · χπ(g),
cf. [21, introduction], [55, Thm. 5.8], [3].
For an irreducible supercuspidal representation π we know by 2.5.2, part (i), that the repre-
sentation HomG(Hic ,π) is a finite-dimensional smooth representation of B×. We consider
HomG
(
H ∗c ,π
)=∑
i
(−1)i HomG
(
Hic ,π
)
,
as an element of the Grothendieck group of admissible representations of B×.
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Grothendieck group of admissible representations of B× we have:
HomG
(
H ∗c ,π
)= n · (−1)n−1JL(π),
Proof. In the proof of 2.5.2, part (i), we have seen that as a representation of B×
HomG
(
Hic ,π
)= HomG(Hic (M∞/Z),π ⊗ ζ )⊗ ξ−1,
where the character ζ of G is such that  ∈ G acts as the identity on π ⊗ ζ (notations as
introduced in 2.5.2). As the Jacquet–Langlands correspondence is compatible with twisting by
characters, we can assume from now on that  acts as the identity on π . We consider for any
i  0 the admissible representation V i = Hic (M∞/Z) of G/Z × B×/Z. We put V i(π) =
HomG(V i,π).
We want to compute the traces of Hecke operators on B× on the V i(π). With the notations as
in 4.1.1 we put
fπ = 1
vol(Kπ/Z)
χλ · 1Kπ/Z,
where 1Kπ/Z is the characteristic function of Kπ/
Z
. Define for any function f on G or B×
the function f ∗ by f ∗(x) = f (x−1). Then the multiplicity of π in V i is tr(f ∗π |V i), because
tr
(
f ∗π
∣∣ π)= 1,
and tr(f ∗π |V ) = 0 for any admissible representation V not containing π . It follows that for any
compactly supported function f on B×/Z one has
tr
(
f ∗π · f ∗
∣∣V i)= tr(f ∣∣V i(π)).
Let K ⊂ K0 be an open subgroup normalized by Kπ and such that K lies in the kernel of λ.
Then the trace of fπ on V i is the same as the trace of fπ on Hic (MK/Z). Let Wi be the
(G/Z ×B×/Z)-subrepresentation of V i generated by Hic (MK/Z). By [17, Thm. 6.3.10],
the representation Wi is of finite length, and the trace of f ∗π ·f ∗ on Wi is the same as the trace of
that function on V i . For the following arguments we fix some isomorphism Q  C, and consider
all occurring representations by base-change as representations over C. As Wi is of finite length,
its character χWi is a locally integrable function on G/Z ×B×/Z which is locally constant
on the subset of regular elements (cf. [48, Thm. 5.2.4]). Further, by [47, Thm. A], the orbital
integrals of fπ over regular non-elliptic conjugacy classes all vanish (by [48], Kazhdan’s results
hold also in the equal-characteristic case). We get therefore:
tr
(
f ∗π · f ∗
∣∣Wi)= ∫
(Ge/Z)×(B×/Z)
χWi (g, b)f
∗
π (g)f
∗(b) dg db,
where Ge denotes the open set of regular elliptic elements in G. Note that supp(fπ ) ∩ Ge/Z
is an open, but in general not a compact subset of G/Z. Let
C1 ⊂ C2 ⊂ · · · ⊂ Ge/Z
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be a sequence of locally constant functions on G, such that supp(fj ) ⊂ Cj and fj |Cj = fπ |Cj .
Then we have
tr
(
f ∗π · f ∗
∣∣Wi)= lim
j→∞
∫
(G/Z)×(B×/Z)
χWi (g, b)f
∗
j (g)f
∗(b) dg db.
(The only reason we switched to C is to make sense of this limit.) The next step is to compute the
integrals appearing in the formula above. Fix j . For a given element g ∈ Cj there is a compact
open subgroup Kg of G/Z such that:
• g−1Kgg = Kg ,
• Kgg ⊂ Cj , and
• f ∗j is constant on the coset Kgg .
Kg can be taken to be arbitrarily small (i.e. contained in any given open subgroup). As Cj is
compact, there are finitely many g1, g2, . . . , gr ∈ Cj and corresponding compact-open subgroups
Kgν such that Cj is covered by the cosets Kgνgν . We may assume that none of these cosets is
contained in another coset. Then we can choose a normal compact-open subgroup K ′g1 of Kg1
which is contained in all the other subgroups Kgν and for which g
−1
1 K
′
g1g1 = K ′g1 . Then there
are finitely many cosets K ′g1g1,α ⊂ Kg1g1 whose intersection with any of the cosets Kgνgν ,
ν > 1, is empty, and whose union is the complement of the union of the Kgνgν , ν > 1, in Cj .
Proceeding inductively we then can actually assume that the cosets Kgνgν are mutually disjoint.
Remember that the subrepresentation Wi depends on some compact open subgroup K . Chose K
to be contained in all Kgν . Then we have
∑
i
(−1)i
∫
(G/Z)×(B×/Z)
χWi (g, b)f
∗
j (g)f
∗(b) dg db
=
∑
i
(−1)i
∑
1νr
∫
(Kgν gν)×(B×/Z)
χWi
(
g,b−1
)
f ∗j (g)f (b) dg db
=
∑
1νr
∫
(Kgν gν)×(B×/Z)
f ∗j (g)tr
((
g,b−1
)∣∣H ∗c (MKgν /Z))f (b)dg db.
Now suppose that supp(f ) is contained in the set of regular elliptic elements of B×. Then we
can use 3.3.2 which states that
tr
((
g,b−1
)∣∣H ∗c (MKgν /Z))= n · #{h ∈ G/ZKgν ∣∣ h−1gbh= g−1},
where gb is any element in G having the same characteristic polynomial as b. Plugging this trace
formula into the previously derived expression gives:
∑
1νr
∫
(K g )×B×
f ∗j (g)tr
((
g,b−1
) ∣∣H ∗c (MKgν /Z))f (b)dg db
gν ν
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∑
1νr
n · vol(Kgν )
×∫
B
fj
(
g−1ν
)
#
{
h ∈ G/ZKgν
∣∣ h−1gbh = g−1ν }f (b)db
=
∑
1νr
n ·
×∫
B
∫
G/Z
fj,ν,!
(
h−1gbh
)
f (b)dhdb
= n ·
×∫
B
∫
G/Z
fj
(
h−1gbh
)
f (b)dhdb,
where fj,ν,! denotes the extension by zero of the function fj |g−1ν Kgν . As f has compact support,
we can pass to the limit as j tends to infinity, and take the alternating sum over all i to get:
tr
(
f
∣∣HomG(H ∗c ,π))=∑
i
(−1)i tr(f ∗π · f ∗∣∣V i)
= lim
j→∞n ·
×∫
B
( ∫
G/Z
fj
(
h−1gbh
)
dg
)
f (b)db
= n ·
×∫
B
( ∫
G/Z
fπ
(
h−1gbh
)
dg
)
f (b)db
= n ·
×∫
B
(
vol
(
Kπ/
Z
) ∫
G/Kπ
fπ
(
h−1gbh
)
dg
)
f (b)db
= n ·
×∫
B
( ∑
h∈G/Kπ ,h−1gbh∈Kπ
χλ
(
h−1gbh
))
f (b)db
= n ·
×∫
B
χπ(gb)f (b) db.
If we now fix a regular elliptic element b ∈ B×, and if we replace f by a sequence of com-
pactly supported functions on B× whose support converges to {b} and whose integral is 1, we
get
tr
(
b
∣∣HomG(H ∗c ,π))= n · χπ(gb) = n · (−1)n−1χJL(π)(b),
where the last equality is the character identity of the Jacquet–Langlands correspondence. Be-
cause a virtual representation of B× is already determined by the restriction of its character to
the dense subset of regular elliptic elements, the theorem is proved. 
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4.2.1. Let π be an irreducible supercuspidal representation of G. The aim of the next section is to
show that HomG(Hic ,π) = 0 for i = n− 1. As we have shown in the proof of 2.5.2, part (i), we
can assume that  acts on π as the identity. Therefore, we consider the admissible representation
Hic
(
M∞/Z
)= lim−→
K
Hic
(
MK/
Z
)
,
with the notation as in the proof of 2.5.2, and show that no subquotient of this representation is
supercuspidal. To this end we will introduce in this section yet another kind of compactifications
of the spaces M(j)K , to be denoted by M
(,j)
K . M
(,j)
K and the boundary
∂M
(j)
K = M(,j)K −M(j)K ×Fˆ nr F¯∧
are analytic pseudo-adic spaces, with  being invertible on the structure sheaf. We call ∂M(j)K
the  -adic boundary.
4.2.2. Let M(j)K = Spec(R(j)K ) be one of the affine schemes of finite type over oˆnr from Theo-
rem 2.3.1. There is a closed point xK in the special fibre of M(j)K such that the completion of
M
(j)
K at xK is isomorphic to M(j)K . Let M̂(j)K be the completion of
M
(j)
K ×Spec(oˆnr ) Spec(oF¯∧)
along the closed subscheme where  is zero. Denote by (M(j)K )ad the analytic adic space asso-
ciated to M̂(j)K , cf. [42, Prop. 1.9.1], and by
sp
M̂
(j)
K
:
(
M
(j)
K
)ad → M̂(j)K
the specialization map. Put
M
(,j)
K = sp−1M̂(j)K (xK).
This is a pseudo-adic subspace of (M(j)K )ad , cf. [42, sec. 1.10], and Proposition 4.2.5 below.
M
(,j)
K consists of all  -adically continuous valuations v of the ring R
(j)
K ⊗oˆnr oF¯∧ such that
sp
M̂
(j)
K
(v) = {f ∈ R(j)K ⊗oˆnr oF¯∧ ∣∣ |f |v < 1}
is equal to the maximal ideal of R(j)K ⊗oˆnr oF¯∧ corresponding to the closed point xK . The canon-
ical map
R
(j) ⊗oˆnr oF¯∧ → R(j)⊗ˆoˆnr oF¯∧K K
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M
(j)
K ×Fˆ nr F¯∧ ↪→M(,j)K
(cf. the proof of Lemma 3.3.3). Most important for our following reasoning is that the cohomol-
ogy of these two spaces coincides:
Proposition 4.2.3. For any i  0 and r  0 the canonical map
Hi
(
M
(,j)
K ,Z/
rZ
)→ Hi(M(j)K ×Fˆ nr F¯∧,Z/rZ)
is an isomorphism.
Proof. Let (
M
(j)
K ×oˆnr oF¯∧
)
s
i−→ M(j)K ×oˆnr oF¯∧ j←−
(
M
(j)
K ×oˆnr oF¯∧
)
η
be the closed (respectively open) embedding of the closed (respectively generic) fibre.
By [42, Thm. 3.5.15], one has a canonical isomorphism
Hi
(
M
(,j)
K ,Z/
rZ
) (Rij∗(Z/rZ))xK .
The maximal Hausdorff quotient (M(j)K ×Fˆ nr F¯∧)an of the adic space M(j)K ×Fˆ nr F¯∧ is the non-
Archimedean analytic space that Berkovich associates to the completion of M(j)K ×oˆnr oF¯∧ at xK ,
cf. [7, sec. 1]. By [7, Cor. 3.5], one has a canonical isomorphism
Hi
((
M
(j)
K ×Fˆ nr F¯∧
)an
,Z/rZ
) (Rij∗(Z/rZ))xK .
Hence the cohomology of M(,j)K is canonically isomorphic to the cohomology of
(M
(j)
K ×Fˆ nr F¯∧)an. By [42, Thm. 8.3.5], the cohomology of (M(j)K ×Fˆ nr F¯∧)an is canonically
isomorphic to the cohomology of M(j)K ×Fˆ nr F¯∧. 
Remark. One can show that M(j)K ×Fˆ nr F¯∧ is the interior of M(,j)K in (M(j)K )ad . If F has
characteristic zero then the assertion of the preceding proposition is [43, Cor. 3.9].
4.2.4. Recall from 3.1.1 the adic space
M
(j)
K = t
(
R
(j)
K ,R
(j)
K
)
a
.
There is a canonical continuous map of topological spaces
sp :M(,j)K →M(j)K
which is defined as follows, cf. [40, Prop. 2.6]. For a point v ∈ M(,j)K with value group Γv
let cΓv(m) be the largest convex subgroup of Γv such that |f |v is cofinal for cΓv(m) for all f
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is a valuation of R(j)K ⊗oˆnr oF¯∧ which is continuous for the topology defined by the maximal
ideal of R(j)K ⊗oˆnr oF¯∧ corresponding to xK . It extends therefore to a valuation of R(j)K which is
continuous for the topology defined by the maximal ideal of R(j)K , and we put
sp(v) = v|cΓv(m) ∈ M(j)K .
If the valuation v is in M(j)K ×Fˆ nr F¯∧, then v is continuous with respect to the topology defined
by the maximal ideal of R(j)K ⊗oˆnr oF¯∧ corresponding to xK , and it extends then to R(j)K . By
[40, Prop. 2.6], the map sp is continuous. (sp is the restriction of the map r in [42, Prop. 2.6].)
We now consider the preimages of the strata defined in Section 3.1.1. For an element A ∈ SK put
∂A M
(j)
K = sp−1
(
∂AM
(j)
K
)
,
where ∂A M
(j)
K is defined as in 3.1.1. Put for h ∈ {0, . . . , n− 1}
∂h M
(j)
K =
⋃
A∈SK,h
∂A M
(j)
K , ∂

hM
(j)
K =
⋃
h′h,A∈SK,h′
∂A M
(j)
K .
∂hM
(j)
K is a closed subspace of M
(,j)
K because it is the preimage of all strata ∂AM
(j)
K with
A ∈ SK,h′ and h′  h, which is a closed subset by 3.1.3. Hence we have a descending sequence
of closed subspaces
M
(,j)
K = ∂0M(j)K ⊃ ∂1M(j)K ⊃ · · · ⊃ ∂n−1M(j)K
with
∂hM
(j)
K − ∂h+1M(j)K = ∂h M(j)K .
Denote by
jA : ∂

A M
(j)
K → ∂hM(j)K , jh : ∂h M(j)K → ∂hM(j)K
the inclusions, where A ∈ SK,h.
Proposition 4.2.5. (i) The subsets ∂A M(j)K , ∂h M(j)K , and ∂hM
(j)
K are pseudo-adic subspaces
of (M(j)K )ad.
(ii) ∂hM
(j)
K is proper over Spa(F¯∧,oF¯∧). ∂A M
(j)
K and ∂

h M
(j)
K are partially proper over
Spa(F¯∧,oF¯∧). If F is a sheaf of abelian groups on ∂A M(j)K , A ∈ SK,h, then
Hic
(
∂A M
(j)
,F)= Hi(∂hM(j), (jA)!F),K K
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(
∂h M
(j)
K ,F
)= Hi(∂hM(j)K , (jh)!F).
Proof. (i) M(,j)K is a closed subspace of (M(j)K )ad and hence convex and pro-constructible
in (M(j)K )
ad
. So ((M(j)K )ad,M
(,j)
K ) is a pseudo-adic space in the sense of [42, Def. 1.10.3].
From now on we will always take (M(j)K )
ad as the ambient adic space and call a subset
Z ⊂ (M(j)K )ad a pseudo-adic space if it is convex and locally pro-constructible in (M(j)K )ad . The
map sp :M(,j)K → M(j)K is not only continuous but even a spectral map, cf. [40, Prop. 2.6]. The
preimage of a locally pro-constructible set under a spectral map is again locally pro-constructible,
and the subsets ∂AM(j)K of M
(j)
K are locally closed, hence locally pro-constructible. ∂

hM
(j)
K is
closed and hence pro-constructible and convex. So it is a pseudo-adic space. Because in an ana-
lytic adic space the generalizations of a point form a chain, cf. [41, Lemma 1.1.10(i)], a subset
Z ⊂ (M(j)K )ad which contains all specializations of z in (M(j)K )ad for any point z ∈ Z will be
convex. We call such a set closed under specialization. If z lies in ∂A M
(j)
K , and if z′ is a special-
ization of z, then sp(z′) is a specialization of sp(z). The adic space M(j)K is analytic, and hence
all specializations are secondary specializations, cf. [42, sec. 1.1.9]. The support of a secondary
specialization of a point does not change, and so sp(z′) lies in the same stratum as sp(z). This
means in particular that the set ∂A M
(j)
K is convex and hence a pseudo-adic subspace of (M
(j)
K )
ad
.
The same is then the case for the union ∂h M
(j)
K .
(ii) We show first that any valuation ring (v,V ) of (M(j)K )ad , in the sense of [42, Def. 1.3.5],
with support v ∈M(,j)K has a unique center on (M(j)K )ad . By [42, Lemma 1.3.6], there is at most
one center on (M(j)K )
ad
, and (v,V ) has a center if and only if the image of R = R(j)K ⊗oˆnr oF¯∧
in the residue field k(v) is contained in V . V is by definition contained in k(v)+. Let m be the
maximal ideal of R corresponding to xK . If v is an element of M(,j)K then |f |v < 1 for all f ∈ m.
Hence f (v), the image of f in k(v), is contained in the maximal ideal of k(v)+, and therefore in
the maximal ideal of V . If f is any element of R −m, there is a unit α ∈ (oF¯∧)× and an element
f1 ∈ m such that f = α+f1. Then f (v) = α+f1(v) ∈ V . Hence, if v is in M(,j)K , and if (v,V )
is a valuation ring of (M(j)K )
ad
, it has a center on (M(j)K )
ad
. This center is a specialization of v and
has to lie in M(,j)K . (M
(j)
K )
ad is an affinoid adic space and in particular quasi-compact. M(,j)K
is closed in (M(j)K )ad , and hence quasi-compact too. By the valuative criterion for properness
[42, Cor. 1.10.21], the space M(,j)K is proper over Spa(F¯∧,oF¯∧). Any pseudo-adic subspace
of M(,j)K which is closed under specialization will then also verify the valuative criterion for
partially properness, and if such a subspace is quasi-compact it will be proper over Spa(F¯∧,oF¯∧).
For the partially proper spaces the cohomology with compact is defined as the derived functor of
the functor ‘sections with compact support.’ The last assertion of (ii) follows immediately from
[42, Lemma 5.4.2]. 
4.2.6. Next we want to show that the action of G = GLn(F ) on the spaces M(j)K extends to the
spaces M(,j)K , respects the strata and induces an action on the cohomology of the strata. This is
not automatic because we defined M(,j)K as a subspace of (M
(j)
K )
ad which depends on the alge-
braic scheme M(j) that we have chosen as in Theorem 2.3.1. The choice of such an algebraizationK
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choices of algebraizations. However, by Proposition 4.2.3, the cohomology of the M(,j)K , for
different algebraizations, is isomorphic, and in the proof of Theorem 4.3.2 we will show that
the cohomology of the strata is also isomorphic, for different algebraizations. But we will need
to know that they are canonically isomorphic. To this end we will use a compatible system of
algebraizations.
Let G(0) ⊂ G be the group of elements for which the valuation of the determinant v(det(g))
is a multiple of n. It is easily seen that with the notation of 4.2.1
Hi
(
M∞/Z
)= IndG
G(0)H
i
c
(
M(0)∞
)
where
Hic
(
M(0)∞
)= lim−→
K
Hic
(
M
(0)
K ×Fˆ nr F¯∧,Q
)
.
Hence it suffices to extend the action of elements of G(0) to the  -adic boundary and its strata,
and from now on we will therefore consider only the ‘height-0-components’ of the various spaces
we defined. Moreover, we will consider only principal congruence subgroups Km, and instead of
the subscript Km we will write m. Let S(0)m be a scheme of finite type over oˆnr over which there
is given a truncated Barsotti–Tate o-module Xm of level m, and a closed point ym such that the
completion of S(0)m at ym is isomorphic toM(0)K0 (the universal deformation space of X), and such
that Xm corresponds to Xuniv[m] under this isomorphism. Then, for m′ m, Xm[m′ ] will be
isomorphic to Xuniv[m′ ]. By the uniqueness theorem of algebraizations, cf. [2, Thm. 1.7], there
is a scheme S′, a closed point y′, and a diagram of étale morphisms
S′
ψ ′ ψ
S
(0)
m′ S
(0)
m
such that ψ ′(y′)= ym′ and ψ(y′)= ym, and (ψ ′)∗Xm′  (ψ)∗Xm[m′ ]. Then, when we take the
pair (S′, (ψ)∗Xm) instead of S(0)m , we find inductively a tower of schemes of finite type over oˆnr
S
(0)
0 ← S(0)1 ← S(0)2 ←− · · ·
with closed points ym ∈ S(0)m in the special fibre. The morphisms in this sequence are all étale and
map ym to ym−1, and on S(0)m there is a truncated Barsotti–Tate o-module Xm of level m which
has the property that the pull-back of Xm′ for m′ m is Xm[m′ ]. We may clearly assume the
schemes S(0)m to be affine. Then we define, as in the proof of Theorem 2.3.1, the scheme M(0)m
as the scheme over S(0)m which parameterizes Drinfeld level-m-structures on Xm. This gives a
tower of affine schemes of finite type over oˆnr
M
(0)
0 ← M(0)1 ← M(0)2 ← ·· ·
with closed points xm ∈ M(0)m such that the completion of M(0)m at xm is isomorphic to M(0)m .
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it respects the subsets ∂A M
(0)
K . Given an element g ∈ G(0), we can assume that the valuation of
its determinant is zero, because  acts anyway trivially on Hic (M∞/Z). Then we define, as in
Section 2.2.2, for any sufficiently large m a morphism
g :M(0)m → M(0)m′ ,
where m′ depends on m and g. Let 0m′ m and r ∈ Z be integers such that
on ⊂ −rgon ⊂ −(m−m′)on.
Then we have an isomorphism
g′ :−m′on/on 
−r g−−−→ −mon/on m−m
′
−−−−→ −m′on/on
as in Section 3.1.1. Let f :T → S(0)m be a morphism of schemes over oˆnr , and let φ :−mon/on →
f ∗Xm be a level-m-structure. Let
φ′ = φ|
−m′on/on ◦ g′ :−m
′
on/on → f ∗Xm.
φ′ is then a level-m′-structure on (f ∗Xm)[m′ ]. If we let f ′ :T → S(0)m′ be the composition of f
with S(0)m → S(0)m′ , then (f ∗Xm)[m
′ ] = (f ′)∗Xm′ , and φ′ is a level-m′-structure on (f ′)∗Xm′ .
This defines the morphism
g :M(0)m → M(0)m′ ,
which maps the closed point xm to xm′ and is, by its very construction, compatible with the action
on the completions. Then there is a commutative diagram
M(0)m
g
M
(0)
m
g
(
M
(0)
m
)ad sp
g
M
(0)
m,s
g
M(0)
m′ M
(0)
m′
(
M
(0)
m′
)ad sp M(0)
m′,s .
It follows that M(,0)m is mapped by g to M(,0)m′ , and this map is compatible with specialization
maps to the spaces M(0)m and M(0)m′ , because these were constructed from the formal schemes
M(0)m and M(0)m′ . Hence there is a commutative diagram
M
(,0)
m
sp
g
M
(0)
m
g
M
(,0)
m′
sp
M
(0)
m′
936 M. Strauch / Advances in Mathematics 217 (2008) 889–951and g maps therefore the subspace ∂A M
(0)
m to ∂g−1AM
(0)
m′ , for any A ∈ Sm := SKm . ∂hM(0)m is
hence mapped to ∂hM
(0)
m′ , and we get induced maps on the cohomology (or cohomology with
compact support) of these spaces.
4.2.7. We define the -adic cohomology groups (with compact support) for the spaces ∂A M(0)m
and ∂hM
(0)
m by firstly taking cohomology with coefficients Z/rZ, then passing to the limit for
r → ∞ and finally tensoring with Q. Unfortunately, we are lacking here some basic finiteness
results for the cohomology of such spaces. We believe that these cohomology groups are finite-
dimensional, and the discussion in the next section will show that otherwise there would occur
some very strange phenomena. Namely, it will be shown that the cohomology of the  -adic
boundary ∂M(0)m = ∂1M(0)m is indeed finite-dimensional, and the limit for m → ∞ gives an
admissible representation which sits in an exact sequence
Hic
(
∂1 M
(0)∞ ,Q
)→Hi(∂1M(0)∞ ,Q)→ Hi(∂2M(0)∞ ,Q),
where the subscript ∞ indicates that the limit is taken for m → ∞. The representation on the
left can be shown to be induced from a representation ρ of a parabolic subgroup P . However,
if the cohomology of the strata is not finite-dimensional, the representation ρ would not be ad-
missible, and the unipotent radical of P may not act trivially. Similarly, the cohomology group
Hi(∂2M
(0)∞ ,Q) is an extension of subquotients of parabolically induced representations, which
would not be admissible if the cohomology groups of the strata are not finite-dimensional. It
would follow, that the representation in the middle of the above exact sequence, which is admis-
sible, is an extension of subquotients of representations which are themselves not admissible.
Theoretically this is of course possible, but in our situation it seems to us very unlikely that
something like that may happen. So we will be working from now on under the hypothesis
(H) The cohomology groups Hic (∂A M(0)m ,Q), Hi(∂h M(0)m ,Q) and Hi(∂hM(0)m ,Q) are
finite-dimensional Q-vector spaces, for any i, m, A and h.
We conclude with two remarks on how to prove this hypothesis, which we conjecture to be
true. Firstly, the subspaces ∂A M
(0)
m are of relatively simple type, and we expect that a good
theory of sub-constructible subsets and their étale cohomology should imply the finiteness of the
cohomology. This is in fact a conjecture of R. Huber, cf. the introduction of [43]. We understood
that Huber is presently working on such a theory, and our hypothesis may then be true by the
results of this theory. Secondly, one can also compute the cohomology groups of the ∂A M
(0)
m by
means of the morphism
sp : ∂A M
(0)
m → ∂AM(0)m .
The essential point to show would be that the sheaves Risp∗(Z/rZ) are constructible on ∂AM
(0)
m .
The stalk of this sheaf at a geometric point x ∈ ∂AM(0)m can be identified with the cohomology of
the preimage sp−1(x). But this set has a kind of modular interpretation. Namely, if the rank of A
is h, then the connected part(
Xuniv
[
∞
]⊗ k(x))◦ ⊂ Xuniv[∞]⊗ k(x)
M. Strauch / Advances in Mathematics 217 (2008) 889–951 937is of rank h. Suppose now that h > 0 (otherwise we are in the interior). The set sp−1(x) then
looks like the generic fibre of the deformation space of (Xuniv[∞] ⊗ k(x))◦ together with an
level-m-structure φ :A → (Xuniv[∞] ⊗ k(x))◦. sp−1(x) is a space over Frac(Wo(k(x))), but
the field k(x) carries a non-trivial valuation, and so Frac(Wo(k(x))) is a higher-dimensional local
field, equipped with a valuation of rank at least two. A further analysis of sp−1(x) reveals that
it (or rather its interior) can be thought of as a rigid analytic space over this higher-dimensional
local field. But, as far as I know, a theory of analytic spaces over higher-dimensional local fields
has not yet been developed.
4.3. Non-cuspidalness outside the middle degree
4.3.1. For h ∈ {1, . . . , n − 1} let Fh ⊂ Fn be the subspace which is generated by the first h
standard basis vectors. For m> 0 put
Am,h =
(
Fh/on
)∩ (−mon/on)⊂ −mon/on,
i.e. Am,h is the submodule of −mon/on generated by the first h standard generators. Let Ph ⊂ G
be the stabilizer of Fh and P (0)h = Ph ∩G(0), cf. Section 4.2.6. Recall the action of G on the sets
Sm,h = SKm,h of labels of boundary components. Firstly, Sm,h can naturally be identified with
Km\G/Ph, and if g ∈ G is such that g−1Kmg ⊂ Km′ then the map from Sm,h to Sm′,h can be
identified with the map
Km\G/Ph →Km′ \G/Ph, KmxPh →Km′g−1xPh.
The element Am,h ∈ Sm,h corresponds to the double coset Km · 1 · Ph, and is therefore mapped
to Km′ · 1 · Ph, if g is in Ph. If g is an element of P (0)h , and if g−1Kmg ⊂ Km′ then g maps
∂Am,h
M
(0)
m to ∂Am′,hM
(0)
m′ , cf. 4.2.6. We have therefore an action of P
(0)
h on
W(h,i,0) = lim−→
m
Hic
(
∂Am,hM
(0)
m ,Q
)
,
and we put
W(h,i) = IndPh
P
(0)
h
W(h,i,0).
Similarly, for any h ∈ {1, . . . , n− 1} there is an action of G(0) on
V (h,i,0) = lim−→
m
Hi
(
∂h M
(0)
m ,Q
)
and V (h,i,0) = lim−→
m
Hi
(
∂hM
(0)
m ,Q
)
and we put
V (h,i) = IndG
G(0) V
(h,i,0) and V (h,i) = IndG
G(0) V
(h,i,0).
Theorem 4.3.2. We assume that the hypothesis (H) in 4.2.7 is fulfilled. Then the following asser-
tions do hold.
938 M. Strauch / Advances in Mathematics 217 (2008) 889–951(i) For h ∈ {1, . . . , n − 1} and any i the representation W(h,i) of Ph is admissible. The action
of the unipotent radical of Ph on W(h,i) is trivial.
(ii) For h ∈ {1, . . . , n−1} and any i the representation of G on V (h,i) is canonically isomorphic
to the representation IndGPh W
(h,i)
.
(iii) For h ∈ {1, . . . , n − 1} and any i the representation of G on V (h,i) does not have any
supercuspidal representation as a subquotient.
(iv) For any i = n− 1 the representation of G on
Hic
(
M∞/Z
) := lim−→
K
Hic
((
MK/
Z
)×
Fˆ nr
F¯∧,Q
)
,
does not have any supercuspidal representation as a subquotient.
Proof. (i) Fix 0 <m′ m. We want to compute the invariants of Km′ ∩Ph on Hic (∂Am,hM
(0)
m ,Q),
and we want to show that it is equal to the image of the map
Hic
(
∂Am′,hM
(0)
m′ ,Q
)→ Hic (∂Am,hM(0)m ,Q).
From now on we will drop the superscript ‘(0)’ everywhere in this part of the proof. So we write
Mm instead of M(0)m . Let Mm = Spec(Rm). Recall that there is a action of K0 on this scheme,
via the level structure, which is trivial on Km. Put R′m′ = (Rm)Km′ and M′m′ = Spec(R′m′). This
scheme classifies Drinfeld level-m′-structures on Xm[m′ ] over the scheme Sm, cf. 4.2.6. Let
x′
m′ be the closed point in M
′
m′ which is the image of xm under Mm → M′m′ . The morphism
pr :Mm → Mm′ induces a morphism
pr′ :M′m′ → Mm′
because the action of Km′ on Mm′ is trivial, and this morphism induces an isomorphism on the
completions, even on the henselizations at the closed points x′
m′ respectively xm′ . Let M̂
′
m′ be the
completion of M′
m′ ×oˆnr oF¯∧ along the subscheme where  is zero, let (M′m′)ad be the analytic
adic space associated to M̂′
m′ , and denote by
spM̂′
m′
: (M′m′)
ad → M̂′m′
the specialization map. Let M ′()
m′ the preimage of x
′
m′ under the specialization map. Then we
have again another specialization map
sp′ :M ′()
m′ →Mm′,
where Mm′ = M(0)Km′ , in the notation of 3.1.1. For B ∈ Sm′ define ∂B M ′m′ ⊂ (M′m′)ad as
(sp′)−1(∂BMm′). The morphism pr′ :M′m′ → M′m′ induces a morphism
pr′ :M ′()
m′ →M()m′
which maps ∂B M
′
m′ to ∂

B Mm′ . Our aim is to show that
M. Strauch / Advances in Mathematics 217 (2008) 889–951 939(∗) pr ′ induces an isomorphism Hic (∂B Mm′,Z/rZ)→ Hic (∂B M ′m′,Z/rZ).
Define ∂h M
′
m′ and ∂

hM
′
m′ as in Section 4.2.4. Because the cohomology with compact sup-
port of ∂h M
′
m′ is the direct sum of the cohomology groups with compact support of the spaces
∂B M
′
m′ for B ∈ Sm′,h it suffices to show that the cohomologies of the ∂h M ′m′ and ∂h Mm′ are
isomorphic. Let F be the constant sheaf associated to Z/rZ on any of our spaces. Consider the
diagram with exact rows
· · · Hic
(
∂h M
′
m′,F
)
Hi
(
∂hM
′
m′,F
)
Hi
(
∂h+1M
′
m′ ,F
) · · ·
· · · Hic
(
∂h Mm′,F
)
Hi
(
∂hMm′,F
)
Hi
(
∂h+1Mm′ ,F
) · · · .
It follows from this diagram that it suffices to show that the morphism
Hi
(
∂hM
′
m′,F
)→ Hi(∂hMm′,F)
is an isomorphism for any h in {1, . . . , n − 1}. We will show that ∂hMm′ has a finite covering
by closed subsets Zh′,ν , h  h′  n − 1, which are pro-special in the sense of [42, Def. 3.1.6].
Then, by the remark before Lemma 3.1.7 in [42], the preimage Z′
h′,ν of Zh′,ν under the map
pr′ : ∂hM
′
m′ → ∂hMm′
is pro-special too, and the union of all Z′
h′,ν covers ∂

hM
′
m′ . If pr
′ induces an isomorphism
between the cohomology groups of the pseudo-adic spaces Zh′,ν and Z′h′,ν , then it maps the
cohomology of ∂hMm′ isomorphically to the cohomology of ∂

hM
′
m′ , because the cohomology
of these spaces can be computed by the spectral sequence associated to the coverings (Zh′,ν)h′,ν
and (Z′
h′,ν)h′,ν , cf. [42, Cor. 2.6.10].
Now we will define the subsets Zh′,ν . To this end, consider the universal level-m′-structure
φm′ :
−m′on/on → Xm′ ,
and let Z ⊂ O(Xm′) be the ideal defined by the zero section. For a ∈ −m′on/on let
φm′(a) :Mm′ → Xm′ be the corresponding section and φm′(a) :O(Xm′) → Rm′ the corre-
sponding ring homomorphism, where Mm′ Spec(Rm′). For B ∈ Sm′ let PB be the ideal of Rm′
generated by φm′(a)(Z) for all a ∈ B . Over the completion Rm′ of Rm′ at xm′ the level struc-
ture φm′ gives the universal level structure on Xuniv[m′ ]. Therefore, PB generates the ideal
pB ⊂ Rm′ , cf. Proposition 3.1.3, and it follows that pB ∩Rm′ = PB . Put
Qh =
∏
B∈Sm′,h
PB, qh =
∏
B∈Sm′,h
pB.
Then we have an ascending sequence of ideals in Rm′ :
Q1 ⊂ Q2 ⊂ · · · ⊂ Qn−1 ⊂ mR ′ ,m
940 M. Strauch / Advances in Mathematics 217 (2008) 889–951where the maximal ideal mRm′ corresponds to the closed point xm′ , and the ideal generated by
Qh in Rm′ is equal to qh. Choose inductively generators f1,1, . . . , f1,t1 , . . . , fh,1, . . . , fh,th of Qh
such that f1,1, . . . , f1,t1 , . . . , fh−1,1, . . . , fh−1,th−1 generate Qh−1. Define for ν = 1, . . . , th+1:
Zh,ν = Mm′ ∩
⋂
r>0,1h′h,1μth′
{
v ∈ (Mm′)ad
∣∣ | |v < |fh+1,ν |rv, |fh′,μ|v < |fh+1,ν |rv}.
The subset Mm′ is pro-special, because it is equal to{
v ∈ (Mm′)ad
∣∣ for all f ∈ mRm′ : |f |v < 1},
and mRm′ contains  , hence is open. (Mm′ is even special because mRm′ is finitely generated.)
The set
{
v ∈ (Mm′)ad
∣∣ | |v < |fh,ν |rv, |fh′,μ|v < |fh,ν |rv}
is also special (because of the condition | |v < |fh,ν |rv), and it is closed because its complement
is
{
v ∈ (Mm′)ad
∣∣ |fh,ν |rv  | |v = 0}∪ {v ∈ (Mm′)ad ∣∣ |fh,ν |rv  |fh′,μ|v = 0}
which is an open subset by the very definition of the topology, cf. [40, sec. 2]. We claim that
∂h Mm′ ⊂
⋃
1νth+1
Zh,ν ⊂ ∂hMm′ .
If v is an element of Zh,ν then, for any f ∈ Qh, |f |v is not in cΓv(m) (m := mRm′ ), cf.
[40, sec. 2], hence Qh ⊂ supp(sp(v)), and so qh ⊂ supp(sp(v)), which in turn implies that
pB ⊂ supp(sp(v)) for some B ∈ Sm′,h. Consequently, v lies in ∂hMm′ . If v is an element
of ∂h Mm′ , then supp(sp(v)) contains qh but does not contain pB for any B ∈ Sm′,h+1, so
supp(sp(v)) does not contain qh+1, and there is hence some ν with |fh+1,ν |sp(v) = 0. Then
|fh+1,ν |v is in cΓv(m), hence |fh+1,ν |rv > |f |v for all f ∈ Qh. So v is in Zh,ν . Therefore⋃
h′h,1νth′+1
Zh′,ν = ∂hMm′ .
The morphism of schemes M′
m′ → Mm′ corresponds to a ring homomorphism Rm′ → R′m′ , and
the preimage Z′h,ν of Zh,ν is defined by the images of the functions fh,ν in R′m′ . By Thm. 3.2.1
in [42], the cohomology of Zh,ν is the same as the cohomology of the scheme Spec(A(Zh,ν)),
where A(Zh,ν) is the henselization of the affinoid ring(
Rm′ ⊗oˆnr F¯∧,Rm′ ⊗oˆnr oF¯∧
)
,
along the pro-special subset Zh,ν , cf. [42, 3.1.12]. From the very definition of the ring A(Zh,ν)
it is easily seen that it depends only on the henselization of Rm′ at the maximal ideal mRm′ . The
ring homomorphism Rm′ → R′ ′ induces an isomorphism on the henselizations, and therefore itm
M. Strauch / Advances in Mathematics 217 (2008) 889–951 941induces an isomorphism A(Zh,ν) →A(Z′h,ν). So Thm. 3.2.1 in [42] shows that the map between
the cohomology groups of Z′h,ν and Zh,ν is an isomorphism. This completes the proof (∗).
Let Pm,h be the stabilizer of Am,h in K0/Km. Because the set SKm,h can be identified with
K0/Pm,h, the group Pm,h is the subgroup of K0/Km which stabilizes ∂Am,hMm. And because
Km′/Km acts transitively on the geometric fibres of the canonical map
Madm → (M′m′)ad
the subgroup (Km′/Km)∩ Pm,h acts transitively on the geometric fibres of
prm,m′ : ∂

Am,h
Mm → ∂Am′,hM ′m′ .
This is a quasi-finite morphism, and the functor (prm,m′)∗ is therefore exact [42, Prop. 2.6.4].
Km′/Km is a finite p-group and has therefore no cohomology on r -torsion groups. Hence we
can conclude
Hic
(
∂Am,hMm,F
)(Km′/Km)∩Pm,h = Hic (∂Am′,hM ′m′, ((prm,m′)∗(F))(Km′/Km)∩Pm,h)
= Hic
(
∂Am′,hM
′
m′,F
)= Hic (∂Am′,hMm′,F).
Where the last equality holds by (∗). It follows from this that
Hic
(
∂Am,hMm,Q
)(Km′/Km)∩Pm,h = Hic (∂Am′,hMm′ ,Q),
and when we assume (H), then these spaces are finite-dimensional. This shows that W(h,i) is an
admissible representation of Ph. That the unipotent radical acts trivially is a general fact that was
proved and used in this context by P. Boyer, [9, Lemme 13.2.3].
(ii) ∂h M(0)m is the disjoint union of the spaces ∂A M(0)m , for A ∈ Sm,h. The action of K0/Km
on the set of labels Sm,h is transitive and the stabilizer of Am,h is by definition Pm,h. Hence we
see that
Hic
(
∂h M
(0)
m ,Q
)= IndK0/KmPm,h H ic (∂Am,hM(0)m ,Q).
When passing to the limit for m→ ∞ we get
V (h,i,0) = IndG(0)
P (0) W
(h,i,0)
and then
V (h,i) = IndG
G(0) V
(h,i,0) IndG
P(0) W
(h,i,0) = IndGP IndPP (0) W (h,i,0) = IndGP W(h,i).
(iii) From the long exact sequences
· · · → Hic
(
∂h M
(0)
m ,Q
)→Hi(∂hM(0)m ,Q)→ Hi(∂h+1M(0)m ,Q)→ ·· ·
we deduce an exact sequence
· · · → V (h,i) → V (h,i) → V (h+1,i) → ·· · ,
942 M. Strauch / Advances in Mathematics 217 (2008) 889–951where we have put
V (h,i) = IndG
G(0)
(
lim−→
m
Hi
(
∂hM
(0)
m ,Q
))
.
By definition we have
∂n−1M
(0)
m = ∂n−1M(0)m
and hence V (n−1,i) = V (n−1,i). By descending induction on h, starting with h = n − 1 and
using (i) and (ii), we conclude that V (h,i) is a successive extension of parabolically induced
representations (with the unipotent radical acting trivially), hence does not have a supercuspidal
representation as a subquotient.
(iv) By Propositions 4.2.3 and 4.2.5(ii), there is a long exact sequence
· · · →Hic
(
M(0)m ×Fˆ nr F¯∧,Q
)→Hi(M(0)m ×Fˆ nr F¯∧,Q)→Hi(∂1M(0)m ,Q)→ ·· · .
Put
Hi
(
M∞/Z
)= lim−→
m
Hi
((
Mm/
Z
)×
Fˆ nr
F¯∧,Q
)
.
Then we have an exact sequence
· · · →Hic
(
M∞/Z
)→ Hi(M∞/Z)→ V (1,i) → ·· · .
If i < n − 1 the cohomology with compact support Hic (M∞/Z) vanishes, and if i > n − 1
the cohomology Hic (M∞/Z) vanishes, cf. Lemma 2.5.1. Hence, if i > n − 1, there is in the
preceding sequence a surjection
V (1,i−1)Hic
(
M∞/Z
)
.
By part (iii) we can conclude that Hic (M∞/Z) does not have a supercuspidal representation as
a subquotient if i = n− 1. 
4.3.3. We want to conclude with some remarks concerning the spaces M(,j)K . In the definition
of the space M(,j)K we made use of the scheme of finite type M
(j)
K . However it is possible
to consider also closely related spaces which are defined only in terms of the formal schemes
M(j)K = Spf(R(j)K ). For the rest of this paragraph we will suppress the superscript ‘(j).’ We
equip RK the  -adic topology, and denote this topological ring by RK . To the formal scheme
Spf(RK) there is an associated analytic adic space M

K = t (Spf(RK))a and a specialization map
sp :MK → Spf
(
RK
)
.
Let MK be the preimage of the closed point of Spf(R

K) under the specialization map. It is
in this way that the author had considered the  -adic ‘compactifications’ for the first time.
By taking preimages one gets subspaces ∂MK ⊂ M , and the action of GLn(F ) naturallyA K
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AMK ⊂ MK . Note that we did not use
algebraizations to define these spaces, and we think that it would be desirable to work only with
these spaces, and do without algebraizations. However, there are some foundational problems
one is facing when working with them. First, one has to show that the fibre product M ×
Fˆ nr
F¯∧
does exist as a pseudo-adic space. (This is a case that has not been dealt with so far, and is
not covered by [41] or [42].) Let us suppose that it is well defined. Then one has to show that
Proposition 4.2.3 is true for MK ×Fˆ nr F¯∧. We think that this is true but could not prove it
yet. If one can show that Proposition 4.2.3 continues to hold for MK ×Fˆ nr F¯∧, then one could
work entirely with the complete local rings RK and it would not be necessary to work with
algebraizations in Section 4.2. In the same vein, we think that it would be nice and also possible to
prove a Lefschetz type trace formula for the space MK studied in Section 3, under the assumption
that there are no fixed points on the boundary. Then one could dispense with algebraizations
completely.
5. Appendix
5.1. Algebraicity of the deformation rings in equal characteristic
If F has positive characteristic, the fact that the deformation rings Rm are completions of
finitely generated oˆnr -algebras follows from the following
Proposition 5.1.1. If char(F ) > 0 there is a regular system u0 = ,u1, . . . , un−1 of parameters
of R0, a formal o-module X˜ over R0 = oˆnr [u1, . . . , un−1] ⊂ R0 and an isomorphism of formal
o-modules over F
ι˜ :X → X˜ ×R0 F
such that
(i) (X˜ ×R0 R0, ι˜) is a universal deformation of X over R0,
(ii) there is a coordinate T on X˜ such that the multiplication by  on X˜ is given by the polyno-
mial
T + u1T q + · · · + un−1T qn−1 + T qn .
Proof. Let F(u) = F(u1, . . . , un−1) be the so-called universal o-typical formal o-module de-
scribed in [38, sec. 12]. It is defined over o[u1, . . . , un−1], but we consider it over
oˆnru1, . . . , un−1, and we identify the universal deformation ring R0 with oˆnru1, . . . , un−1.
We take the universal deformation Xuniv to be F(u). F(u) has the property that
F(u)(T1, T2) = T1 + T2
and for j = 1, . . . , n:
[ ]F(u)(T )≡ ujT qj mod (,u1, . . . , uj−1),deg
(
qj + 1),
944 M. Strauch / Advances in Mathematics 217 (2008) 889–951where un = 1. The reduction of F(u) modulo the maximal ideal of R0 is the formal o-module X
with:
X(T1, T2) = T1 + T2, [ ]X(T ) = T qn,
cf. [38, (12.5)]. However, it is not the case that [ ]F(u)(T ) is a polynomial in T . We define a
deformation X˜ of X over R0 = oˆnr [u1, . . . , un−1] by
X˜(T1, T2) = T1 + T2, [ ]X˜(T ) = T + u1T q + · · · + un−1T q
n−1 + T qn .
The reduction of X˜ modulo the ideal (,u1, . . . , un−1) is X, and we take ι˜ to be the identity
map. By the universal property of F(u), there are elements v1, . . . , vn−1 in the maximal ideal
mR0 = (,u1, . . . , un−1) of R0 = oˆnru1, . . . , un−1, such that there exists an isomorphism
ψ :F(v1, . . . , vn−1) −→ X˜ ×R0 R0
of formal o-modules over R0, and the reduction of ψ modulo (,u1, . . . , un−1) is the identity.
We will show that the elements ,v1, . . . , vn−1 form a regular system of parameters. This in
turn implies that X˜ ×R0 R0 is a universal deformation too.
Write
ψ(T ) = a1T + a2T 2 + a3T 3 + · · ·
with a1 ≡ 1 mod mR0 and ai ≡ 0 mod mR0 if i > 1. Consider the identity of power series in T :
ψ
([ ]F(v)(T ))= [ ]X˜(ψ(T )). (5.1.2)
Computing modulo  and degree q + 1 we find that
a1v1 ≡ u1aq1 mod (),
hence v1 = aq−11 u1 + ξ1,0 with ξ1,0 ∈ R0. Fix 1 < i < n and assume we had already proven
that for j < i there exist ξj,0, . . . , ξj,j−1 ∈ R0 such that
vj = aq
j−1
1 uj +ξj,0 + · · · + uj−1ξj,j−1.
Then we consider Eq. (5.1.2) modulo (,u1, . . . , ui−1) and degree qj + 1 and find:
a1vj ≡ ujaq
j
1 mod (,u1, . . . , ui−1).
This shows that the map defined by ui → vi induces on the tangent space mR0/(mR0)2 a map
which is given by an upper triangular matrix with respect to the basis (,u1, . . . , un−1) with
units on the diagonal. Hence (,v1, . . . , vn−1) is a regular system of parameters too. 
From the description of the rings Rm as given in he proof of [22, Prop. 4.3], which we recalled
in the proof of 2.1.2, and the fact that Xuniv may be chosen to be defined over oˆnr [u1, . . . , un−1]
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system of parameters
(,u1, . . . , un−1)
of R0 with the following properties:
(i) If we put R0 = oˆnr [u1, . . . , un−1], and consider it as a subring of R0, the image of universal
level-m-structure
φunivm :
(
−mo/o
)n → mR0
consists of elements which are integral over R0. For m  0 we let Rm ⊂ Rm be the subring
Rm ⊂ Rm which is generated by the image of φunivm over R0. It is a free R0-module of rank
equal to #GLn(o/(m)). The ideal generated by the image of φunivm is the unique maximal ideal
mm ⊂ Rm over (,u1, . . . , un−1). The mm-adic completion of Rm is isomorphic to Rm.
(ii) The maximal ideal mm is stable under the action of K0, and the isomorphism
R̂m
−→ Rm
is K0-equivariant. The completion on the left means mm-adic completion.
The reason why there is only one maximal ideal of Rm over (,u1, . . . , un−1) is the follow-
ing: any m-torsion point ξ of Xuniv satisfies an integral equation of the form
ξ r + a1ξ r−1 + · · · + ar = 0
with all coefficients a1, . . . , ar in (,u1, . . . , un−1). Hence, any prime ideal over (,u1,
. . . , un−1) contains the ideal generated by all m-torsion points, which is clearly a maximal
ideal.
5.2. A continuity property of isolated fixed points
5.2.1. In this section E denotes an algebraically closed non-Archimedean field with a non-
trivial valuation, and  is a non-zero element of the maximal ideal of oE . Let A be an affinoid
E-algebra, and put X = Spa(A,A◦). Suppose X is smooth over Spa(E,oE). Let ϕ :X → X be
an endomorphism of X over E. We will assume that ϕ has only a finite number of fixed points
and that these are all of multiplicity one. Our aim in this section is to show that any endomor-
phism ψ of X which is sufficiently closed to ϕ, in the sense of [6, sec. 6], has also only finitely
many fixed points, that these are all of multiplicity one and their total number is equal to the
number of fixed points of ϕ.
To make the relation of being close concrete, we choose an affinoid generating system
f1, . . . , fr of A over E. Then, by Cor. 6.3 of [6], for any ε ∈ E(X) (with the notation of
[6, sec. 6]), there is a t ∈ Z>0 such that, if
ϕ(fi)−ψ(fi) ∈ tA◦
then d(ϕ,ψ) < ε. Here ϕ,ψ :A → A denote the corresponding ring homomorphisms, and A◦
is the subring of power bounded elements. By definition, we write d(ϕ,ψ) < εt if the above
relation holds for the fixed set of affinoid generators and the element  .
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U ′ = Spa(B ′, (B ′)◦)⊂ U = Spa(B,B◦) of x, with the following properties:
(i) ϕ(U ′) ⊂ U , and x is the only fixed point of ϕ in U ′.
(ii) U and U ′ are isomorphic to polydiscs:
B ′  E〈T1, . . . , Tn〉,
and B corresponds under the ring homomorphism B → B ′ to
{
f =
∑
ν
ανT
ν ∈ E〈T1, . . . , Tn〉
∣∣∣ lim|ν|→∞|αν || |− |ν|μ 0
}
for some μ ∈ Z>0.
(iii) There is a t > 0 such that any morphism ψ :X → X with d(ϕ,ψ) < εt maps U ′ to U and
has a single fixed point of multiplicity one on U ′.
Proof. Because X is smooth, there is for any point x ∈ X an étale map from an open neighbor-
hood of x to an affine space, [42, Cor. 1.6.10]. By [5, Thm. 3.4.1], if x is E-rational, there is even
an isomorphism of a neighborhood of x with a neighborhood of 0 in an affine space. So we may
assume U is isomorphic to a polydisc. Then there is another polydisc U ′ ⊂ (U ∩ ϕ−1(U)). This
shows (i) and (ii).
Put ai = ϕ(Ti) − Ti ∈ B ′, i = 1, . . . , n. Let Iϕ ⊂ B ′ be the ideal generated by a1, . . . , an.
Let diag :U → U ×E U be the diagonal morphism and (1, ϕ) :U ′ → U ×E U be the graph of ϕ
on U ′. Then
U ×diag,U×EU,(1,ϕ) U ′  Spa
(
B ′/Iϕ, (B ′/Iϕ)◦
)
is the fixed point locus of ϕ on U ′, hence equal to the single point x, which is of multiplicity one,
and so we have B ′/Iϕ  E. Denote by
δϕ = det
((
∂ai
∂Tj
)
1i,jn
)
∈ B ′,
the Jacobi determinant. The image of δϕ in B ′/Iϕ is invertible, because of our assumption that
the fixed point x be of multiplicity one. By [6, Cor. 6.3], there is a t such that ψ−1(U) = ϕ−1(U)
if d(ϕ,ψ) < εt . Hence ψ maps B to B ′, and we can consider the elements bi = ψ(Ti) −
Ti ∈ B ′. Define Iψ to be the ideal generated by b1, . . . , bn. By the generalized Krasner lemma,
cf. Cor. 1.7.2 in [42] or [7, Thm. 5.1], it is known that if the element bi is sufficiently close to
the element ai for all i = 1, . . . , n, then the image of δψ (defined as above but with ai being
replaced by bi ) in B ′/Iψ is invertible and there is a (continuous) isomorphism of E-algebras
B ′/Iψ −→ B ′/Iϕ . By increasing t we may assume that this is the case. Then ψ too has exactly
one fixed point on U ′, which is of multiplicity one. 
Proposition 5.2.3. Let X be a smooth affinoid space, and ϕ :X → X be as above, i.e. with
finitely many simple fixed points. Then there is a t > 0 such that any morphism ψ :X → X with
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number is equal to the number of fixed points of ϕ.
Proof. Let f1, . . . , fr be the affinoid generating system of A over E from 5.2.1. Then the fixed
points of ϕ are exactly those x ∈ X with |ϕ(fi) − fi |x = 0, i = 1, . . . , r . Let x1, . . . , xs be the
fixed points of ϕ. Choose for any j an open neighborhood U ′j of xj with the properties of the
lemma above, and such that U ′j ∩U ′j ′ = ∅ for j = j ′. Then there is a k ∈ Z>0 such that
max
1ir
{∣∣ϕ(fi)− fi∣∣x}> | |kx
for all x /∈⋃1js U ′j . Suppose d(ϕ,ψ) < ε2k . Then it follows that for all x /∈⋃1js U ′j one
has also
max
1ir
{∣∣ψ(fi)− fi∣∣x}> | |kx.
Hence ψ does not have any fixed point on the complement of the U ′j . If now t  2k is sufficiently
large, such that part (iii) of the lemma holds for all fixed points of ϕ, then ψ has on each U ′j a
single fixed point of multiplicity one. This proves the assertion. 
5.3. A picture of the two boundaries
The picture in Fig. 1 is about the boundaries of the space M(0)K1 of deformations of a formal
o-module of height n = 3 with level-1-structure, and the residue field of o is F2. We denote
this space here simply by M1. The characteristic- -boundary ∂M1 has fourteen strata; seven
one-dimensional strata and seven one-point-strata. ∂M1 is drawn in the center of the picture. Let
φi = φuniv(ei), i = 1,2,3, be the images of the standard basis vectors of −1o3/o3 under the
universal level structure. The seven one-dimensional strata are
{|φi |v = 0}, i = 1,2,3;{|φi + φj |v = 0}, 1 i < j  3;{|φ1 + φ2 + φ3|v = 0}.
The last stratum is drawn with a triangle shape. The strata of the  -adic boundary ∂M1 are by
definition the preimages under the specialization map
sp : ∂M1 → ∂M1.
If A ⊂ −1o3/o3 is of rank two over o/(), then ∂AM1 is just a point and its preimage ∂A M1
possesses itself a stratification. Namely, the closure of each stratum ∂B M1, with B ⊂ A a rank-
1-submodule, intersects ∂A M1 in exactly one point, which we have drawn as a bold black dot.
So, in fact, ∂M1 has a natural stratification indexed by the set of all flags in −1o3/o3. This is
of course not something that is special to M1. For any n and any m 1 the space ∂Mm has a
natural stratification whose strata are indexed by flags
A :−mon/on = A0  A1  A2  · · ·  Ar = {0},
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where each Ai is free over o/(m) and a direct summand of Ai−1. In order to define these
refined strata intrinsically, let
φuniv :−mon/on → mRm
be the universal level-m-structure. For a point v ∈ ∂Mm, we consider the set of m-torsion
points
{
φuniv(a)v
∣∣ a ∈ −mon/on}= Xuniv[m](k(v)),
where φuniv(a)v denotes the image of φuniv(a) in the residue field k(v) at v. We introduce the
following notation:
∣∣φuniv(a)∣∣
v
 ∣∣φuniv(a′)∣∣
v
if and only if for any r ∈ Z>0 one has |φuniv(a)|v < |φuniv(a′)|rv , and∣∣φuniv(a)∣∣ ∼ ∣∣φuniv(a′)∣∣
v v
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∣∣φuniv(a)∣∣r
v
<
∣∣φuniv(a′)∣∣
v
and
∣∣φuniv(a′)∣∣r ′
v
<
∣∣φuniv(a)∣∣
v
.
Then, for a given v ∈ ∂Mm, put A0(v) = −mon/on and define inductively, for i > 0, the
subgroup Ai(v) ⊂ Ai−1(v) to be the largest subgroup satisfying
for all a ∈ Ai(v) and for all a′ ∈ Ai−1(v)−Ai(v):
∣∣φuniv(a)∣∣
v
 ∣∣φuniv(a′)∣∣
v
.
Then it is not difficult to see that Ai(v) is free over o/(m) and a direct summand of Ai−1(v).
(One reduces modulo the ideal generated by φuniv(a)v for a ∈ Ai(v).) This defines a flag A(v)
in −mon/on, and ∂AMm consists of all v with A(v) =A. Moreover, the flag A(v) defines a
sequence of canonical subgroups
Xuniv
[
m
](
k(v)
)
 Xuniv
[
m
]
k(v),1  · · ·  Xuniv
[
m
]
k(v),r
where
Xuniv
[
m
]
k(v),i
= {φuniv(a)v ∣∣ a ∈ Ai(v)}⊂ Xuniv[m](k(v)).
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